Dense graphs without C

1 Introduction

One of our main result in [2] reads as follows.

Theorem 1.1 ([2]). For any e > 0 and fized integer k = 3, let G be an n-vertex maximal Caj_1-free
graph with minimum degree at least (Tlfl +¢e)n, then G = H|[:| for some H, where |H| < twg(r),
r<e(d+1)(12k)d and d < (2k — 1)3 (27 2) 21",

22Poly(1/s)

For example, when k = 4, |H| = 22 . With a slightly modified proof compared to the one
in our proof, we can further reduce this number k£ to k — 2. However, this proof becomes increasingly
cumbersome as k grows larger. In this note we present the proof for C;-free graphs.

The following tools are useful.

Theorem 1.2 ([2]). For integer k = 2 and any € > 0, let G be an n-vertex maximal Caoi_1-free graph
with minimum degree at least (57 + €)n. Then VC(G) < (2k — 1)3(2]5_?) L 9(2k=1)%"2

Lemma 1.3 ([1]). For fized integer k = 2, let € > 0 and G be an n-vertex Caop_1-free graph with
minimum degree §(G) = (57— + €)n, then G is Cy-free for every odd ¢ with k < ¢ < 2k — 1.

Lemma 1.4 (Partition lemma [3]). Let d be a positive integer and G be an n-vertex graph with
VC-dimension at most d. Let F := {Ng(v) : ve V(G)}. Then for any 1 < a < n, there is a partition
VG)=ViuVou---uV,, wherer =e(d+1)- (Qe)d(%)d, such that for each i € [r], any pair of
vertices u,v € V; satisfies that |[Ng(v)ANg(u)| < 2a.

2 Dense (C;-free graphs

Theorem 2.1. For any € > 0, let G be an n-vertex mazximal Cr-free graph with minimum degree
1000 yd
§(G) = (3 +€)n, then G = H[-] for some H, where |H| < 225" gnd d < 101°.

Proof of Theorem [2.1l First by Lemma[1.3] G is also Cs-free. By Theorem we can see VC(G) =
d < 10'°. Take s = 106> by Lemma [1.4) V(G) can be partitioned into Vi u --- 1 V. with r <
3e(2)d < (222)4 such that any pair of vertices in the same part have at least (1 + £)n — 2s common

neighbors.

Claim 2.2. G[V;] is an independent set for each i € [r].

Proof of claim. Suppose x,y € V; are adjacent in G, since they share at least (% +en—28> 2 >r+2
common neighbors, by pigeonhole principle, there are vertices 2/, € N(z) n N(y) n V; for some
j € [r], then one can find a vertex z € N(z') n N(y')\{z,y} such that zyy’ zz’ forms a copy of Cs, a
contradiction to Lemma [T.3l |



We then refine the above partition by the following rules. For each i € [r], we partition V; into at
most m = 2" parts, say V; := VI -+ 1 V™ such that for any j € [m] and £ € [r], any pair of vertices
T,y € Vij satisfy N(z) n'V; = & if and only if N(y) n V; = &J. Furthermore, for each i € [r] and
Jj € [m], we partition Vij into ¢ := 2™ parts, say Vij = Vij’1 L Vij’q such that for any k& € [¢] and
(a,b) € [r] x [m], any pair of vertices x,y € Vljk satisfy N(z) n VY = & if and only if N(y) nV = .

It suffices to show the following result.

Claim 2.3. For each iy,i9 € [r], j1,j2 € [m] and ki, k2 € [q], Vghkl and Vf;’b are either complete,
or anti-complete.

Proof of claim. Suppose there exist vertices a € Vijl'l’k1 and by, bs € Vigr"’kZ such that ab; € E(G) and

abs ¢ E(G). Since G is a maximal Cr-free graph, there must exist a path avivevsvsvsby in G, where

vp € Vabzf “? for p € [5], with a, € [r], b, € [m], and ¢, € [g]. Then by pigeonhole principle, there is
_¢en

X . . on .
at least one pair of vertices x,y € {a,v1,v2,v3,v4,v5, b} sharing at least =t = 57 common neighbors.

2
We shall derive a contradiction in each case, before this, note by Claim 11 # a1, 11 # 19, 19 # a5
and as # asy1 for each s € [4]. Moreover, we establish the following simple observations.

Observation 2.4. The followings hold.
(1) brva, byvs, bavy, bava, bavs ¢ E(G).
(2) If vy €V, then bivy ¢ E(G).

(3) If vy €V, then bauy ¢ E(G).

Proof of Observation 2.4 For (1): If bjvainE(G), then one can pick a vertex v € N(by) n N(ba)
so that V'bjvavsvavsbe forms a copy of C7, a contradiction. If byvs € E(G), then bjavivgvs forms a
copy of C5, a contradiction. If byv; € E(G), then one can pick a vertex b’ € N(by) n N(by) so that
biavibob’ forms a copy of Cs, a contradiction. If byve € E(G), then byvavsvavs forms a copy of Cs, a
contradiction. If bovs € E(G), then one can pick a vertex b’ € N(b1) n N(b2) so that bjavivauzbeb’
forms a copy of C7, a contradiction.

For (2), if v1 € Vay and byvy € E(G), then [N(v1) n N(vs)| = (3 +e)n—2s and [N (b1) n N(by)| =
(% + e)n — 2s, which together yield that we can pick a vertex w € N(v1) n N(vs) and a vertex
b € N(b1) n N(b2) so that byaviwuvsbeb’ forms a copy of C7, a contradiction.

For (3), if vg € Vi, and bavs € E(G), then we can find a vertex w € N(a) n N(vq) and a vertex
b € N(b1) n N(b2) so that awvsvsbab’by forms a copy of C7, a contradiction. [ |

e Type 1: If the pair (x,y) belongs to {(a,v1), (v1,v2), (v2,v3), (v3,v4), (va,v5), (v5,b2)}, then
similar as the argument in Claim there exists a pair of vertices in N(z) n N(y) sharing
at least (% +e)n — 2s > r + 2 many common neighbors, which yields the existence of Cj
in G, a contradiction. In particular, when (z,y) = (a,bs), then since by, bs € %22’k2, we can
see [N(a) n N(b1)| = 57 — 2s > 5, then the similar argument derives the existence of Cj, a

contradiction.

e Type 2: If the pair belongs to {(a,vs), (b2,v4), (v3,v5), (v2,v4), (v1,v3), (a,v2), (b2, v1)},

— (a,vs): One can find a vertex z1 € N(a) n N(v5) such that avivovsvsvsx; forms a copy of
C7, a contradiction.

— (b2, v4): Since by, by € ‘/;32'2,1927 we have |N(b1) n N(b2) n N(v4)| = 57 — 25 = £5. Then

there exists a vertex xo € N(b1) n N(vy) so that avivavsvizob forms a copy of Cr, a
contradiction.



— (v3,v5): Note that b; has a neighbor z3 € Vab55, if x3 = wvs, then bjavivevzvavs forms
a copy of C7, a contradiction Then by Observation x3 & {v1,v2,v3,04,v5}. Since
|N(z3) n N(vs) n N(vs)| = 5% — 2s > 0, we can pick a vertex y; € N(z3) n N(v3) so that

av1v9v3y1x3by forms a copy Of C’7, a contradiction.

— (v2,v4): Note that by has a neighbor x4 € Vabff, if x4 = vy, then biavivouzvavs forms a copy
of C7, a contradiction. Then by Observation [2.4] ﬂ x4 ¢ {v1,v2,v3,v4,v5}. Moreover, we can
also find a neighbor of x4, say ya € N(x4) N Vg, if y2 = vy, then bjavivevsvgszy forms a
copy of C7, a contradiction. If y5 = ve, then x4biavive forms a copy of C5, a contradiction.
Therefore yy ¢ {va,v4}, then since |N(y2) N N(v2) N N(ys)| = 5 — 2s, we can can pick a

vertex z1 € N(y2) n N(v2) so that aviveziyazsby forms a copy of C7, a contradiction.

— (v1,v3): Note that bs has a neighbor x5 € fo, if x5 = vs, then we can find a vertex
w € N(a) n N(vs) so that avjvavsvsvsw forms a copy of C7, a contradiction. Therefore,
by Observation we have x5 ¢ {v1,v9,v3,v4,v5}. Also note that x5 has a neighbor
ys € Vi, if y3 = vy, then x5v1v2v3v4U5b2 forms a copy of Cr. If y3 = vz, then bazsvsvavs
forms a copy of Cj, a contradiction. Therefore we can see |N(y3) n N(v3)| = 57 —2s which
yields that we can pick a vertex zz € N(y3) n N(v3) so that bozsyszovsvivs forms a copy

of C%, a contradiction.

— (a,v2): Note that bs has a neighbor z¢ € le if 26 = v5 then [N (v2) " N(vs)| = §f — 25 >
5, then one can find a vertex w € N(vg) N N(v5) so that wvovzvgvs forms a copy of
(5, a contradiction. Therefore by Observation xe ¢ {v1,v2,v3,v4,v5}. Then since

IN(z6) NN (v2)| = 57 —2s = £f, there is a vertex y4 € N(z6) NN (v2) so that z6y4v2v3v4v5b2
forms a copy of C%, a contradiction.

— (b2,v1): One can find a vertex x7 € N(ba) n N(v1) so that x7viveuzvvsby forms a copy of
C7, a contradiction.

e Type 3:

— If one of {(ba,v3), (v2,vs5), (v1,v4), (a,v3), (b2, v2)} occurs, then one can easily pick a vertex
in the common neighbor and obtain a copy of C5, a contradiction.

— (a,v4): One can pick a vertex xg € N(a) n N(vg) and a vertex b’ € N(by) n N(bs) so that
biraxgvsvsbob’ forms a copy of C7, a contradiction.

— (v1,v5): One can pick a vertex xg € N(v1) N N(vs) and a vertex b’ € N(b1) n N(by) so that
biavizgusbob’ forms a copy of C7, a contradiction.

This completes the proof. |
By Claim - 2l and the rules of partition, we can see G is a blowup of H such that |H| < rmq =
1000 d
re2r 2% < 9207 , where d < 1010° by Theorem . O
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