
Lecture 28

· VC dim

E-net thm via sampling



Lecture28
X

Def :
Given a set system I on ground set X

,

F22

the transversal number of F
,
denoted by Y(F) ,

is

the min # of elements needed to intersect all sets in J.

mint : ETE( * ) c .
t

. XFEF , TnF + P.

EF = ()
,
Y() = E + 1

-o unso
X

Def F22
,

X finite
,

EEC , 1)
-

Say NEX is an Enet for F If NMF # P
FFEF with IF1eKX1 .

Informally :
Enet cares only large fish.

is a transversal for large sets

EF = (2) no ly-net of size 22

& .
When can we have bod size E-net ?

Problematic example : has largeshattered
set



Lef.Given a

eS
i .

e. V S'ES , FEFstFnS = S' .

Def :
The UC dim of S

F2X is the cardinality

of the largest shattered set.
[n]

· S largest shattered set

&Ex
.

F = (2)

1Sk "(+
as every set inI has size = 1/2

·

every "A set is shattered by F

vc(f) = "

As it turns out a large shattered set

is the only obstruction.



Thm [Haussler - Welzo 87]

#Fe2Y
,

VC dim = d32
,
Foce

=> I an E-net for F of size

= 20 . d . Elogt = m

May assume that FFCF
, 1F132(X

Rak Komlos-Pach-Woeginger : E-0 ....data an
Idea· Random sample m pts N = / , ,

.
. .

, xm)

and show whp N is an Enet for 7.

B : bad event IN not E-net" Pr(B) -> 0

III

[Hand to analyze directly]
"EFEF

,
FrN=

"

Clever Trick : Take another random sample M = (,
,

.
.

.

, Ym

Consider instead Pr(NBad & M typical) = Pr(B)

Couple N & M E localize bad events

& VC dim Kicks Saver-Shelah

Better union



Pf · Write Y = r
,
m-20d . r- logr.

--

·Sample uniformly at random (w ./ repetition
allowed

N = (x , xz
, . . ., km)

WIS Pr(B) = Pr(IFEF
,
FrN =b) -> o

· Take M= Y
, ,

. -

-, Ym) a new set of

m random elements. Let k=er

Define event ↑ expectationB' = "EFEI st
. SNUF

atT

recall 1Fk, 3/X1 =My
-

multiset

Claim Pr(B') =Pr(B) = 2 Pr(B'

If :
· Shall show EN

, Pr/BIN) [2Pr/BIN)

· If N is an Y-net - bothor

· Thus we can fix . a set FEF It
. FrN = 0

.

=> Pr(BIntPr(k)
↳ sum of indep .

Binom.

, Yz =
/ prob. Y

so Chernoff E



· Suffices to show Pr/B -> 0

View sampling N & M differently :

1) a random seq = (z1
,
En

,
. . . , Ezm)

2) randomly choosem positions of E to be N

rest => M.
outcome of

SIS Fix an arbitrary
.
E

Pr(B' /z) -> 0

· Fix FEF ,
consider the cond

. Probability

PE
= Pr(NnF = p , (MuF(k(z)

· Recall Z= NUM
,
thus if IZnFkk

then PF =

· Suppose IEnF1zk
,

we shall bound

Pr = Pr(nnF = q(z)
K
z= Num

= Pr)arandomMe

a(
↳ positions occupiedSby F

F



my-e
eyobs. -F ,F'Ef if FrZ = FinZ

,

then "NRF = P & IM1FK/ k" is the same as

"NRF' = 4 & IMmF'k, k
"

i. e. B' depends only on trace Flz = [Fnz : Fe *]
Sauer-Shelah = /F/z) =0Rm)"0(zmyd

Apply union bed (not over 5) but over Ez

=> Pr(Biz) = /F(z) ·
259

= 0(2m)% 95 - 0

Ef

Lem (Sauer-Shelah) FF
,

rain = d

Flzl = n => 1F(z)=() + (n) +... + (2)
Rak Optimal e 1Senz : Feth #a


