
Lecture 19

· pf of Kruskal-
Katona

· UC-dim



Recall · FE(C)G all 1-1-set lying is
Some FEF

Kruskal-Katona : given 151
,
min

. (5)

Imm F MyC Nexc ... > Ms 3,1
,
m = (4) +(+)

* F h- set fam . W./
=> 15K, (mm)+151 = m

Idea : shifting=> Some structure + Induction

·Shifting for 2 En ,

for FEF define

Si(F) = &FISibuSiS
if :F & IfF and

FIdijoin #F
F

Write Si(F) = [SiCF) : FEF]

Call I compressed if Si(5) = F for all 2 in

Exer Prove that it is a finite process to

shift any
fam . I to a compressed one.

Example F = &134 , 135 , 234 , 243]

Ss(f) = 9134 ,
135

,
234

,
1243

# Initial segments of colex order are compressed



But not every compressed fam. is initial seg . of colex.

Example h=2 913
,
15

,

17
,
193
, compressed

- -

Leave the following propositions as exercises.

Pop-- FF ? (2)
,

Vaxian
, map 5 - Silf)

is injective. In particular , (5) = /S : (F)

· Shifting does not increase the size of shadow

Prop-FFc() Vasien,

=> G(i)ESi(GF) previous prop.

In particular (2/S : (1)) = /S : (F) * 1851 .

· Given Fe(c) ,
E = F

,
VE , where

F = SFEF : IEF)
,

73 = [re5 : 14F)
d

remove I from all sets gp is on ground set (231913
(k- 1) -unfd

in 9 ,

good for induction

2. = SF 1914 : FfF,) : link of element 1
.



Prop(D) If F is compressed ,

then

(i) 2F, =L, and

(ii) 6F = 2
, USEUSis : EE62 , Y

and so 12F1 = 12 . 1 + 1021

If (Kruskal-Katona) Double induction on unit 1

then on

the
size of the fam .

M

Base k = 1 trina as shadow of any 1-mit fam is

403
.

Assume K, 2 and induct on m
= /51

Base
m= 1 = (m) => 7 has one

set
,
shadow = (e)

Assume my2· We may assume of is compressed

for otherwise we can keep shifting the fam while keeping
its cardinality & not increasing its shadow size.

Claim 1 .K, (i) + (i) +... +(
CanInductive Step

By Prop(9) (ii) 1291 = 1 , 1 + 181 1



(i) +Mil +... + (i)) +
L, K-1)-mit

EH
. - ((n) + (j) +... + (2)
122 , 1

= (2) +... + (i)
[Pf of Claim] Suppose not true !

=>1F) = 151 - 15 , 1 = 151-1 , 1

>(ii) + .. . + (i)) - (i) + .. . . - (i)
= (4n y +... + (4, ) ..... (A)

Now
, J is compressed => 15: <151

IH on 15, =>

( . ) > 185: 13 (] ) + .. + (i) E
Prop(B) (i)

Issue here :Us = > possible
,

then (*) is not

of the form inlypo. of K-K
.

Ever



Fint
.

K- fan

Application UK => Erdos-Ko-Rado
size = (ii)

SBaby R-K) /5)= (n) = 15K, (1)
Idea 5 = ((n)(F : + +5)

(8) Feg
,
e impossible :F
> IF's FeF

↑ /

mum⒔
If 151 = /F1 large F'nF = 6 disjb
=> shadow of F large by K-R

By(0) shadow of F is disjoint from F
=> F small &

.

If . Suppose (51 > (=1)

151 = (F)( =) = (n=i)
* (n-1)- unif e

Baby R- K = 12714( = n
- 1) u -k- F

20↳12/25)k(2) #
=>

--

(2(n -24)5k, /i'l
*
n-unif

By (1) (h) -z = P



=> IF) = (2) - (n") = (i) O

& VC dim & Sauer-Shelah Lemma

How can we measure in a sense the complexity

of a set system ?

Intuitively, F 225) is complex if

it contain a large copy of a cube 29
for large r.

In other words
,
we want to lookot how members

of J intersect some subset of the ground set.

# distinct intersection limited -> simple
-m

many -> complex.
Given

Let FCy
,

SECn)
,

trace of F on S

Els = [Fns : FeF3
We say a set S is shattered by F it

Els = 23



Def The VC-dimension of F2X is

the maximum size of a set SIX shattered

by F
.

↑ could be

infinite set

VC-dim = D if E arbitrarily large shattered set
.

Example X = IR
,

F = collection of all closed

intervals [a , b]

VC-dim of F = 2


