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Lecture 14

Last time : Poset max antichain

Duality thm Dilworth's thm Il

min chain decomposition

Pf 1
.

Induction on IPI
-

Exer Pf2 Use symmetricchain decomposition-

Use induction to find I

Def A chain in (25m
,
1) is symmetric

C = An
, An , Ann

*for some k = 0
,

1
, ..., n S

.

t.

Af & ,
ka
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Exer 3

Ihm Dilworth's Then > Komy's thm.

Ref Given a graph G
,

the Vertex cover #of G,

devoted
is the min .

# S to cover all edges
Xby T(G) , I

TEV() : TnV(e) + 0
Rank Transversal # of G.

WeGE(G)



Obs G ,
Vertex cour # matching #

T(G) > U(G)

Of I J .
. . . .. !
-

U(G)

· The gap could be arb
. large.

Exer Think of an example
&

-

Ihm (Konig) & bip .
gr G

,
(G) = (C)

Applications of Dilworth's thm.

Philosophy
Ramsey theory :

Within chaos
,
there is order.

· 2-edge-coloring of Kn
,

if ~ large => E large
monochromatic clique

↑
large Y Ellogn)

arbitrary structure homogeneous substructure

Cor & poset (P, >), h(p) . w(p)], h
-

&IPIIn largest chain
↑ largestantichan



-

of Dilworth =

III)a chain decomp . of
size WLp

C, Clp)

n= (UCi/ < weps . haps
.

E

In other words

Def Comparability gr G for a poset (P,<
-

V(G) = P
x-87> x & y comparable (*. Y S

& Clique #t chain in p
x

Cor above says indep set > antichain
↓

or comparability go On n US

has an indep or a clique of size In.

Ruk Dilworth's thu illustrates that
-

more structure = better Ramsey.

· In many geometrically structure
,

we see much

better Ramsey statement.
We shall see some examples for which we associate

poset structure
,
hence better Ramsey.



Interval graphs a b

f

closed

Consider a collection of intervals = 91
,
I
... In)

Associate a gr G
U
disj

d
L

L L L

V(G) = I
A intersecting-

two uxs adj >
the corresponding intervals are intersecting

Def Intersectiongr of I

Disjointness gr = complement of intersection go.
· In intersection go G

Subcollection
Clique = intervals indep = pairwise

pairwise intersecting
Set disjoint intervals

L
L
- --
-↑

collection of &I , ..., In

Prop (Exer) Any, pairwise intersecting intervals

is intersecting ,

i . e. In2qkp. ge

=> MIrf
WEEn)



Ihm = 52, . . . . , 23 E >
n
Yz of them

intervals S
that are

E
· either intersecting
· or disjoint .

Idea Classify pairs of intervals by a
bod # Of-

poset
, then apply Dilworth iteratively.
I I'

Of L L
-- < I if disjoint

①
& max I < min I'

O(P, <) onI transitive -
↳LLL

By Dilworth =
either chain > on-> disjoint

Or antichain,

&
<In intervals that are

pairwise intersecting
* they are intersecting.

Intervals are convex sets in I'

Let's consider those in R2



Q :

Givenn convex sets in the plane IR",

how many of them we can find that are

pairwise

pairwise disjoint or intersecting ?

E) I intersection gr ofa convex sets

how large an indep set or clique we can

guarantee ?

Ihm (Larman-Matousk-Pack-Torocsik)
& n coursets in the plane E

=> n"s many of
them that are

pairwise intersecting or pairwise disjoint

There are arrangement with no pairwise intersecting on

log2/pairwise disjoint planor cor sets of size
n logan0. 431

Rmk Cannot hope for any collogn) bound

for intersection gr of cour sets in 13

Because by a result of Tietze , every go can

be realized as intersection gr of conv sets in R3.



Pf Shall use 4 posets to classify
-

pairs of planor conv sets.

In all 4 poset , two plane cone sets in I

are comparable only if they are disjoint.
Y

- CE C
,

write (C) the projection

↑
-

of C ontose-axis ,
· An =0 &

· π(A)[π(B) &
As

, B)
. A lies below B
B
Da

· A =&2) A B I · π(A) = π(B) &
A · A lies above B

B left endpt of T(B) to the right of left endot

- if
()
min (B) > min (A)

of π(A)

3) A < 3 B y right endpt of (B) to the right of
mox [T(B) > maxi(A) right endept of IT(A)

A.
~
0
· B

B

(
thre part (A) & (B) Overlap



A lies above B.

B) A
>
B

:
if (i) (ill same as 3)
but for (iii) the overlap part

A lies below B.
B

O O
- or B

A
A

A , B

Exert X two disjoint cour sets in 12
-

L A <; B for some i [4]L
antichain in all 4 posets- > painwise intersecting.

Exer2 < i is transitive Hi =[t]

Apply Dilworth's thm on (P,5)
·
either chain (pairwise disjoint()=>
Size nis

· or antichain A
, of size n 45

Dilworth on A
,
wrt<2

=> ·
either chain (pairwise disjoint o
Size nis

3/5
· or antichain Az of Size n



For i [ 1 , 2 , 33

Dilworth on Ai w
.

r
.

t. <
it

=>.
either chain (pairwise disjoint(
Size nis

4- i-
· or antichain Aix, of Size K 5

At the end i =3 => Ap of size n's
antichain in all 4 posets => pairwise intersec

ting
D

For the upper
bd plog/logs

:

Iterative blowp of C can be realized

as intersection gr of planar cour sets

&
· O do

·b· bor
E
e

M N

· -> %

↳ ↳ b d

& Mm
(2)C Cy



# w = 5t- n

c
largest clique , indepsets = 2-> log/log5


