


Lecture13

Recall Bolloba's set-pairs ineq Al
,

B
, ... Am

,
Bm

AinBi = 0 fi
(X)(Ai Bj + 0 Fij=>
Open problem (Ai

, Bilies is (a
,
b) - mf ISP

if (Ail = 9
, (Bil =b & it satisfies (*)

& What is the max ground set of an (a ,b)-unif ISP?
Tuza 80s

· Application of Sperner's thm :
A antichain in 27

- (A) = (2)
Littlewood-Offord problem bounds the atom

probabilityof Rademarcher sum . (useful in Random matix theory,
bounding singularity prob . of

- Rademacher r .
V.

random matrices)
= 5 : "

Tm /Endos 1945) Let a
, . . . ., an 1903 be non-zero

integers and s
, .... In be ind Rademaster random var.

=> sup Pr([ii =) = OEi=[n]
zE



· Stirling formula => n! (*)
Idea link a random sum to a subset in Cu).
-

Of a 2" choices for the random signs .....,4.

Fix ZE7 and Let S & 5-
, 13 "be the

set of all choices= > [aixi = 2.

i (

=> Pr([aixi = z) =1
SIS (51 (s)

By Sperner, SC 5-1 , 13" is antichain

· By syman , of Rademache r
.

r

., may assume that

all
, ..., an

are positive.

Identify S w) a subset of [n)
,
i

. e.

I
if xi = 1 is Lki = - 1 , #S.

Claim S is an antichain
-



Suppose I two sets YE Y
+

↓ ↓

(3
, , ..., Yn) Cy !, ..., Yn)

- I I #1
1

=> 0 = Zay ,
- Zaiy, = 2 I ai > 0↑

Y ,Y'ES
EY'LY S
&

non

empty A
Bound is

n even

Rmk : Optimal .

Consider ai = a
,
z = 0

Pr ( a, xi = 0)= xi =0=
↑

happens when / + /

~2 - I

& Poset

Poset : partial order set (P
,

<pl
(P

, J)

is a set P with a binary relation <

that is

S
· reflexive (fx

,
x < x)

· antisymmetric (x < y
,
<x = X = y

· transitive (X(Y , <= X >Z



· Compare this to 1 < 2 < 3
n = 3

(N
,
<) totally ordered

- -

-
12

Y23

+
Examples 1) Boolean poset (25m , 8) 3·

A ↑
Subset

2) Divisibility lattice (N
,
1 containment

P = IN
,
alb a <pb O

&

4 6 9
...

3) vector sp. V /
2357

setof all subspaces of V ordered X
·

by subsp . containment. I

Some important invariants for posets (P ,<)

Ref Two element a ,
b are comparable if a < b

or b < 9

O ... incomparable

A subset A & P is an antichain if elements of A

are pairwise incomparable· largest size = width

of poset
A subset CEP is a chain if elements of <

largest
chain height of poset.

are pairwise comparable C = Ek , ..., kr}
totally ordered

Rmk C chain
, Transitivity => x

,
<2 ...+



Poset

Def (P ,
)

,

a chain/antichain decomposition

of P : P = C , ... Ct

P = A, .... As

Obs & chain decomposition P = C, .... vCc

E antichain A P

size chain decomp .

7
, size antichain

+ , IA). , (1)
Since elements of A have

C
... c
....

+

to lie in distinct chains in
any chain decomp.

Dilworth's thm is a duality statement

intering that I holds for min chai decomp &
max antichen

Thm (Dilworth) poset (P,

max antichain = min chain decomp.
=Width of P



n = 3

By Dilworth
,
if we can Ex

find a chain decomp & -12 13 23
-an antichain of the same +
1/23=> width of Poset ·

Width =3 ↑

Example
1

.
) Width of Boolean poset

= (y) by Sperner's the

=> min chain decomp .
of (2,

E) is

of size (ush
2) Width of (22n)

, divisibility
antichain of size n : En+, . .

., 243

chain decamp el
J

x odd -> x . 2"
i= 0

, 1 , 2, : -

Y 2325237
↑ J ↓
2 2 . 3 2 . 5 2-7

↑ I ↑

odd numbers I 35 7 ....



A cor
. of Dilworth's thm is a Ramsey type

statement
, illustrating a phenomenon that

more structure => batter quantitative Ramsey

H(p , > width = W

=> hel Ill
C

for & poset onn elements

=> I a chain or an antichain of size > In

Rak Color E(Kn) by comparability of a poset
-

Cred incomp ,
blue Comp .) = clique = chain

indep set - antichain

=>Un size monochromatic clique .

largest
· Standard Ramsey log M I monox E 2 logn2

clique Z

Exer Prove Erdos-Szekeres on monotone self
using Dilworth.



Dual of Dilworth's thm : Mirsky's thm

& chain < ↓ antichain
-

decomposition

MirskyThm Max chain-min antichain

decomp
Idea : consider level sets of height function.

If :
Define h : P -> I

& keep-h(s2 size of largest

Claim FEI
chain wil max =

-

Level sets h" (i) are

antichains

=> as
level says ↳

= height of P
=size of largest chain

Of If not k = h(x) = (y)

But X < Y
,
=> consider the chai

is of size K+

=> he longest chainw



Pf (Dilworth's thre by Induction on IP)
~

BascaneLet a be a maximal

element of P
. (bs .racb)

- chain decomp
·[H = P = P1693 = <

,
..... Cy

& largest antichain of D' = k = width (P)
· If width(P) = k + )

,
done as

P = C
..... Cu5a] is a chain decomp.

May assume width (p) = k

... c a
.. C

· Define Rifd ; as the
-

max. element that lies in

an nex artichan consens me foWell-defined as no

size k antichain can miss a chair

in C
, ..., Ca



an Se , ..., 33 is an antichain
.

&f · Suppose 4: J

Let Albe a size-l antichain - xj
Xi = Anci

Choice of xi => x,< Xi < Xj b
But Xi , XjEA' not comparable.

· If a incomparable to any

of x...., 42 => width (P)
= k+ 2

· So as fo son roas xC = (a3u(u + Ci : x xi]

· Choice of :
C
... c

, .
-
Ca

=> size of antichain in P-CEK-1
IHo P- C= P- c = Cu ...c Di


