


Lecturelo

Recall FARS : bip .

H w) max-day Er from one side
-

=> ex(n , H) = O(n2
-Yr)

Exer Use random zooming Lem to prove
the following.

Ref 1-subdivision of Ke

replace each edge of Ke ·
by internally disjoint paths of length 2.

rovethat I n-ux G with an edges
=> =1-subdivision of Ke in G with

+ = x(c()
· A recent conj of Conlon-Lee speculates that

FAKS bound is tight only when Kr
.
r
& H

.

Cy (Conlon-Lee) & bip. Ho One side deg &
· H is krr-free

*

=> ex(n, +1) = 0(n2 - Y - ch)Known : True for r = 2
.

· Open for all ~ >, 3.

E K3
,
3-free

ex(n , H) = n2
-

-
Open

Ha en



Sidorenko's conj

Sidorenko's conj is a conj about graph homomorphisms
-

ineq relating subge densities and edge density.

Recall 4 : VCH) -> VCG) hom
. if it preserves ad·

-

urEEA = ((u) E(G)

Nogation Hom (H
,
G) = set of all hom from to G

hom (H ,
G) = Hom (H

, 6)
Def The homomorphism density of Hin G

is the fraction of maps VCH-VCG) that are hom.

i
.
e.

+ (H , G)=
H
,
C

(UCG((CH) /

· ECH
.
GL is the prob. that a unit. random map

is a him.

Exer -CH,) is invariant cort blowup

t(H , G) = + (H
, G(s])



p = t/kz
,

G) = edge density of G
&
labeled & n uxs

= homGl
= zeH2

Example + (Kz , n) = = E Q
X

+ ((3
,
kz) = & = O

A -a

23
↳ host

go

Conj(Sidorenko) & bip .
H G

e(H)
=> t(H , G) >, t /k2 ,G

Rewrite + (H, 6) = home pet-

(
Co : i G

hom (H ,G),
(H) eCH

⑪

The R
.

H
.

S
.

above is the expected #
hom

. from

H to a random gr G(n
, p)-↑
-

↑ P

expected edge density
p X



So Sidorenko's Conj is saying that
among all go

with
given edge density ,

random oo minimizes the #

H-homomorphisms .

Ink Necessary to require H to be bip.
+ (k3

,

(2) t (kz
,
kz) = 2

" > +((2
,() = =

Sidorenko
:

H trees
,

even cycle , Ks , t
· Hatami : hypercube
· Conlon-Fox-Sudakovi bip H wi one ux completely

joined to the other side.

· Li-Szegedy
· blowps
· finite reflection go

3 Conlon-Lea
.

Warm up- P3
- V--
.....

-
-

. -
-
- -

NISG ,
p = zee % C-S

(aibi)hom /P3
,
G) n3 pr

< (2a=)/2b)



hom (P3
,
8) = 2 d(3/2v = V(G)
-

2e(G)
= t . /n p)

2

=

np = P

& Cy

S kon Ca
.Gapcodegree

2hom ((
,

6)
= reco ·

Cs /Edus) = E homes

((p2) = n pl A
· Car : NTS hom (Crn

,
G) > n p2

Let A be the adjacency matrix of an n-ux

↑ gr G
.

0, 1 symm . matix



Since A is read &
synn.

has real eigenvalues X12 ....,
n

Prop- 6 &
,
(G/ >, d/G) average degree

Prop- G
,

A adjmatrix of G

tr(ALRy= = # closed 24-wallsothe

= hom (Can
,

G)

If hom (C
,

G = x >x d(G)

d(c) =G = np
-

= (np)2
A

Smallestopen case (Sidorenko G &

-

&Mobius band K5
,
5) Co ·&

&

remove edges of Go from K5
, 5

-
G

g



Application of Sidorenko's Conj.

ex(r , (6) = 0 (n +
) . =On

**
)

Def A homomorphism is degenerate if it is not
-

Injective

=
0

A *-- =O * ·D

b- &
* #

>

Goal : Many 16-hom in graph / n edges

are injective => many copies of 6

If By regularization lem
, may assume our go

is Kalmost-regular .

n- G
:

1(6) = (5(6)

e(G) <n"3
, /Cxk

Write
p = 2e(s=

· Sidorenko hom (C
,

6)
, no p6



Suppose all of these Cy-hom are degenerate

Since all degenerate Cy-hom is a
hom for

D

Go-1
.&

=>
-

hom (00 ,
6) = hom (G

,
6) nSp

7/

Chom((y
,
G) : A (G) d(G)=

up
Cy-hom count large !
=> hom((y

,
G) , = in p5

Most of them are copies of Cy
O
↑
1- ·G

hom (P3
,
Gl = n . 1(G) = 1 243p
knp5 <hom(, 6)
= Copies of Cy

We shall earbed D 3 C



Build aux . go N :
V (P) = E(G)
-

-G # el le
-

2 el
G

T

eme' i PE> eve' Cy in G

Then finding e,eles' G

(E) finding - T
e
, er e3

s
.
t

. v(2
,
) nV(e3) =↑

BAD :
Vie , +P
e

d(P) average de=G ii
- p4

=> TEN / E(NEASrpY



G

-

J
L

e .9Je les⒗-
dep2A(G) = Kup

↑ bad choices

for es

D
Exer Prove ex(n . (2) = 0 (n'

+Y
3)

-

using the above idea.

· Supersaturation for 4-cycle.

Prop- & n-ux G of large n

d(67325 = Copies of C

in G
.

&f .

· d = d(G)

Rin in 6 I (d)#Cherries
v E V(G)

Jensen ineq
--O > n(tzd()) = n(2)



· average codegree of a pair of uxs in G

#cherriesD =
+ zd( = T(2)(, =(C)
>

#(2 (dun :D
Jensen, (2)(2), * D


