


Lecture 7

& Stability method

Tackle an extremal problem

· Step 1 : Obtain asymp .

result ;

· Step 2 :
Obtain Stability result ;

· Step 3 : Use the structural into from the Stability

Idea
- to Slowly remove imperfection to get
-

m
an exact result-

Illustration : Ahm excu · Cantil =Lt*
=

ex(n , kz)J Recall : special cass of color-critical got

Step 1 E - S .S : ex(n , Gre = < + Ou

Step 2. E-Sim :

Lem VC30 Ero s .
t . TFH Un > no

V G n- Capti-free
G can be made

(ecfls
, y-
<

-
bipartite by removing
< 32n2

. edges.

Edea: · Take max-cut XuY

82
:

$ 2g(X) + 26(Y) = 0

· I = 1Y) = 42

· (weaker) max inner deg = o(n)
a single

↑ innef
edge ,

· Not inner edge allowed minimized



&f . Let Gex be an N-w extremal Carti-free gr
~ NEns(E

Lower bd : e(Gex) < LE = OO

· boost min deg : find G2Gex s
.

+. 5(6), It -3)(G)
-

Start of Go = Gex

I 1 :
o i E V

. EV(Go) !. da (2) - 3) N

Let G
I

= Go = V
.

At its spe
= WL ifV(G) ~

. d6
, (vi)< -3) Ne

let 6
;

= G
:

- V
i- 1

Claim this process must terminate / a desired

gr Gy = G

Of e(G)<, - (t - 3)(N + -

> - ( -3)Nk + E -3). (i - 1

Write n = (6m) = N- k

= (k) - A -2)(n+k)k+

- ....

= + Enk + E3k + O(k)

When kive (* = (n) = 4 + ve(n2)
↳ E-S-S

.



· We have n-wx G = Gex E Can+i free
8/6K

, (2 - 3)n
· Consider "Max-cut Xuy for G

I
e(G)3

- 2

Apply Stability on G

=> eg(X) +26(Y)

Caim 1 = 14) = E12En

If 0
.
W .

e(G) < (xliY) + 2g(X) + 26(i)

Yl

< 1-43n2+ OfO-En b
. - X
8-↑↑ ↑

*

Claim 1 (G[X]) ,
Al6Si7

·

< 213n
. * Y

Pf · Suppose not
,
E x + X

-

d(x
,
X) zen

Max-cut- d(x
,Y)), d(x ,

X) > 2/n

Let N(x
,X=*

'

,
N(x

,
Y) = 4)

· As G is Canti-free
,

the bip . Er

=> G[X', Y'] is P2k-free



Im (Erds-Gallai) ex(n
,
Pt) . n

Rank Optimal when / : ....-

eG(X)+eg(Y) cross edges
k

X d
I

, many

2(6) <:* + (114) - ((x 1Y - kn)

3En2
* # missing edges

E
I + + kn - 42

between X' & Y'

>
- En ↳

~

· IX = (Y)= /En

46. 5(6)x( -E)n
·

s (6(X))
,

1 (6(T)) < 2Ven
xY

We now showe no edge is X or
Y

.

Suppose up in X form an edge
W

o

Furt Mex ,
almost All degre .&d(x

,Y)), f(G) - A(G(X))
> It -Eln-2in

k = 3

-(I - 108(14) Cf-free
Pick arbitrary w ...., wa ,

EX-n-v



=> U
, V

,
w

, ..., why have) /1-(k+ i) 10fs) 14K, 3
.

=> Can+,
G R

.

So 6 is bipartite of partition XUY
.

N

e(fex) < e(G) + [ (5-3) :
i= n+ 1

< N2 if " < N
F

=> Gex must be G = Gex bip

=> Gex ETN
,
2 . B

⒔sent to
zhuo ·Wu Warwick. ac

. UK

· Fn-x A-free G

if 5(6)> - G bipartite

Optimal o 8(6)=I
--

04

beb non-bip
A-free



Im Andrasfai-Erds-Sis

Kn - u Kr-free gr G

8(6) > 5 . n => G is (r-1)-partie

We give a shortpf by Brandt.
Un

Vi O
Rmk Bound is tight : O i

-
-~

ko Ou ,VO
I
O-

Y :T
r-3

- &
3 n
-

3r- 4

WDef (5-wheel-like graph r,
k)

0 = k[r- 3
· top ux v

&

z

kuxs

-/· bottom edge w
,
wa &-1

· two (r-2) -cliques Q
,
Oz CC

With 19
, 102) = k

YX
Oz

· um Q
,
& 02

-

, wiz
· w

, Q
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,
o Wy

,
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The nice idea of Brandt is the follow fact

generalizing the fact that

~

every non-bipartite maximal A-free go

Exer
contains a 5-cycle"

Lem K G omaximal Kr-free
· non-(r-12-partite

E G contains a

5-Wheel-like
go

If :
· If 6 is complete multipartite
- #parts < -1 as 6 is Krfes b

Thus G is not complete multipartite

=> non-adjacency is NOT an equivalence relation

D=> G contains /
W

·

·
-d&~W

, E
Q G·

UWZE V ...
*
&
-

W
,Wz EE w, ·

z

· G is maximal Kr-free Kit()

=> NCV) <N(Wil contains a copy O..I

of Kr-z
for otherwise G + Vw; is still Kr-free 4 maximalityIf



maximal

If (AES : 5(6) > T ,
Krefres = (N-1-partite)

· By adding edges if necessary ,

we may assume C is

maximal Kr-free .

Lem
=> G contains Wr

,
k

· Pick a copy W of Wr
, k

With maximum value K
.

Define X = common neighbr of 0 , cQ2

We will bound (X) is two
ways.

X

·) By double counting degsum in W.

/i
· G is Kr-free

Vux v -E => O
,-

W contains a Kr- v is not VOz

completely joined /Li
Write

p
= IWI

toW si

=> d(v
, W) < p-

Claim KxEX ,
d(x

, W) = P-3

&f : G is Kr-free

=>s has a non-neighbor in QUV and

Qu (wil f if [2]



Casel xnw X

By the above obs. W ·
x

F(
·

l

/=> se has a non-neighbo /- ·
a

.......-
1

,
EQ ,LQ

,
EEQIQ

,

O
,-

OzV/LiConsider ~
, w , wa

,
Q

,Q si
where Q % = Q ; - 3: + x

= we get Wrikt, G maximality of W.

-xXV
= d(x

, W)<p-3 D
& s has

non-neighbor
in
(disjoint) Q : UWi ( , &2)

· deg sum in W deg sum of us to W

0 ... p
.5(6) < I din = (prP-1(n-11

weh

· On the other hand
, by pigeonhole

X

as X = common neiglbr of QiuQ C
n

= OK(xk, 45(6) - (k-

NO .↳D + = 5(6)<
· n

2r+k- 1



AES : n-x A tree
,
5/6)>*

X(G) = 2

& : How much can we lower the minded
If we only require bod Chr. # ?

the

This Chromatic threshold problem.

Extensions

Ref ex/n
,
T

,
H) = max # copies of T in an

n-xx H-free ge

ex(n , H) = ex(n , Ki
,
H)

· Erds-Zykor solve the Clique case :

↓ St
exIn

. Ks ,
Ke) is maximized by Tn,t-

· Alon-Shikhelman 16

· Gishboliner-Shapira (cycles)

· Grzesik
, Hatami-Hadky - Kral-Norin-Razborow

ex(n ,
<
5 , K3) = ( 4)

= 04
O⑭



Two cong of Erdos ($250)

Conj (Sparse halves) In-xx A free gr G

contains a set of My as Inducing < hio edges.

Runk Best possible if tre :

on-

&
Long Un-x A-free gr can be made

bipartite by removingY edges


