2 Flag algebras

Let denote by G the set of all graphs (in general it can be any “reasonable” class of
discrete structures) and by G, the set of graphs on n vertices. Consider the set RG of
finite linear combinations of graphs with real coefficients with the natural operations of
addition and multiplication by a scalar. For a graphon W define a homomorphism fy,
from RG to R by setting

fw (Z aiHi> = Zaid(Hi,W)

el el

for every element ), , o H; of RG. It is straightforward to verify that fy is indeed a
homomorphism from RG to R.
Observe that for every graph H and every integer n > |H|, it holds that

d(H,W) =Y d(H, G)d(G,W). (1)
GeGn

This identity just says that the probability that the W-random graph of order |H]| is
isomorphic to H is equal to the probability that the graph obtained from the W-random
graph of order n by removing random n — | H| vertices is isomorphic to H, which follows
from the definition of a W-random graph. This identity implies that

Fw <H —- > d(H, G)G> =0

Gegn

for every graph H and every integer n > |H|. Let Ay be the the linear subspace of RG
generated by elements
H- Y d(HG)G
GeGn

for all graphs H and all n > |H|, and let A be the algebra RG factored by A, i.e., the
algebra A is formed by the equivalence classes of the form a + Ay for a € RG. Since
fw(a) =0 for all a € Ay, the homomorphism fy yields a homomorphism from A to R.

Slightly abusing the notation, we will think of the elements of A as formal linear
combinations of graphs with real coefficients and consider those belonging to the same
equivalence class as equal. For brevity, we will also identify a € A with fy (a), where W
is any graphon. For example, since

1 2 1 2
fw(2)=d(7, W) = 2d(L, W) + 2d(A W) +d(A, W) = fw (5.1. et A)
holds for every graphon W, we briefly write

1, 2
/= g’,* + 5’/\ + A.

We want to define an operation of multiplication on the elements of A in a way that
fw(a-b) = fw(a)fw(b) for any a,b € A, i.e., the mapping fi stays a homomorphism.
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Consider two graphs H; and Hy. Observe that if we take the W-random graph of order
| Hy|+|Hs|, consider its induced subgraphs arising from a random choice of disjoint subsets
of |Hy| and |H,| vertices, then we get the W-random graphs of orders |H;| and |Hs|. It
follows that

d(Hy,, W)d(Hy, W) = Y d(Hy, Hy, G)d(G, W),

GEG|H, |+|Hy|

where d(H;, Hy, G) denotes the probability that a random partition of the vertex set of G
into sets of |H;| and |H,| vertices is such that the subgraph of G induced by the first set
is H; and the subgraph induced by the second set is Hy. In other words, d(H;, Hs, G) is
the number of such partitions divided by the number of all partitions. Hence, we define

Hy-Hy= Y  dH, H,G)G

GEG 1y |+ |Hy|

for any two graphs H; and Hs and linearly extend it to RG and A. For example, it holds
that 1, 1., 1. 1, 1. 1. 1
. ~f—6.I+3._I+6.'ZI+24+2N+3'21+6N.

We now want to extend this concept to partially labeled graphs, so called rooted
graphs, where some of the vertices are distinguishable. Consider a labeled graph R,
called root, and let G be the set of all graphs with |R| labeled vertices such that the
labeled vertices induce the graph R, and let G2 for n > |R| be the set of all graphs in G
of order n. The elements of G will be depicted in a way that labeled vertices are drawn
with empty circles and other vertices with full circles, moreover, vertices with the same
label will be always drawn at the same position. For example, the graphs /., and .\
contained in G, are different graphs.

Consider a labeled graph R with vertices rq,...,7rs, a graphon W having positive
density of R with disregarded labels, and z1, ...,z € [0,1]. If the probability that the
W-random graph of order k with r,..., 7, chosen as z1,...,x; € [0,1] is R is positive,
then we set fy""*(H) for H € G to be the probability that the W-random graph of
order |H| is H conditioned on the vertices 71, ..., being chosen to be x1, ..., x; and the
graph sampled on these vertices being R. We linearly extend fij}** from G to RG~.

that z1, ...,z forms R. As an example consider the graphon U = [l and observe that

VOUS(AY =173, fUP(A) = 2/3, while f;7(A) = 1/3 with probability 1/5 and
fir (&) = 2/3 with probability 4/5. In any expressions involving f{f we keep the same
roots, for example we write f,;(/) + f;(.") = 1.

Extending the definition of density of graphs, for two rooted graphs G and H in G% we
define d(H, G) as the probability that random |H|— |R| unlabeled vertices of G together
with R form the graph H. Observe that for every graphon W, labeled graph R, H € G
and n > |H| it holds

fiy(H) = ) d(H.G)fi}(G).

Gegh

Hence, similarly as for unrooted graphs, we consider the subspace AZ of RG® generated
by H—3ceqrn d(H,G)G for all H € G and n > |H|, and define A" to be RG" factored
by Af. Note that A" may be viewed as A if R is a graph without vertices.
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We next define multiplication on elements of Af in a way analogous to those for
unrooted graphs. If Hy, Hy and G from G are such graphs that |G| = |H,| + |Ha| — | R],
we define d(H,, Hy,G) to be the probability that a random partition of the unlabeled
vertices of G to sets of sizes |H;| — |R| and |Hy| — |R| is such that the first set together
with R induces H; and the second set together with R induces Hs. We set

H,-Hy,= > d(Hi Hy, G)G (2)

R
GEYih, |+ 1y R

for any two graphs H; and Hs, from G and linearly extend it to RG? and A. For example,
it holds that

1 1
Jo-o\>=§ll+§m.

The defined algebra on A" is called flag algebra and its elements are called flags. Note
that it coincides with the definition of A if R is a graph without vertices.

Our goal now is to define a linear mapping [-] from A% to A that corresponds to
averaging over all possible placements of the roots that forms R, i.e., for every a € A"
and graphon W with d(Ry, W) > 0 satisfying

fw ([al) = fw ([RD) Efyy(a).

For a graph H € G, let Hy € G be the graph obtained from H by unlabeling the vertices
of R. We define ¢(H) to be the probability that choosing the vertices of R randomly
among the vertices of Hy yields H. Formally speaking,

(1H| =R | Aut(Ho)|

=" Taw)]

We set
[H] = q(H)H,

and linearly extend it to RG®. For example, [*7] = 2A and [/.] = 3.5 Tt is easy to
see that [-] is well defined as a mapping from A to A. Note that for every H € G® and
graphon W with d(Ry, W) > 0 it holds

pwttrnasn = UL [T W) IT 0= Wi do o do

[0 1]1H] viv; EE(H) viv;€E(H)
([H[ = [R])! | Aut(Ho)|
e Tawcm) ™)

= q(H)d(Ho, W) = fw ([H])

as wanted.

Similarly as for unrooted graphs, we identify H € A® with f{(H). In particular,
for a € A" and r € R we write a > z if f{{(a) > x holds with probability 1 for every
graphon W such that ff is defined (d(Ry, W) > 0). From linearity of expectation it
holds that if @ > 0, then [a] > 0. Similarly, if a = 0, then [a] = 0, and more generally,
if a =x or a > z, then [a]] = z [R] or [a] > x [R], respectively.
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