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&Cs-free incidence graphs.

Given a Potlines arrangement on the plane IR",
↑

an incidence is a pair (p.REPXLe, " ⑧
⑧

St. Pel. ·3
·us

v
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E(P1 = 6, (x) = 4
es 86

#incidence: I(P,LL = 7 ly

The poline incidence graph for an arrangement (P.L)

is a bip. graph wl parts p & L L

and pleG) pel ·
· (I(p,x) =e(G) O
· deg (pt) = # lines thru it.

Rok ↑fline incidence go. is Cy-free-

Thm/Szemeredi-Trotter
X pt/line arrangement w/ IP) = (L1 = n

=>(F(0,(1 = 0 (n *3)

Rock ex(r, (x) = 0(n"). Here much better bound for
- "

geometric" graphs



Recall ex(n. (s) = 0(n (3).
#m (Solymosi: Dense arr. locally dense

Guen an (n,n)-ux pt/line incidence gn. G

if G is Cy-free E e(6) =0(nY3)

ephrase Given pt/ line arrangement (P.2) with

no 3 pts in general position pairwise lying on some

lines.

= |(p,LL) = onY/3) ⑧

-free
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Open. 3 fan
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- Incidence go

is 83,3-fee

- partition lem. ·Exa
Two ingredients: - removal lem. ↳-

Idea: · graphs obtained from geometric settings

tend to have their edges clustered

# zoom into exceptionally dense asyman. Dip, part.

C Matowsele's partition):
Then use removal hear



838 zmi jgUgrni->

-n" edges inite ane

· If we zoom in randomly, 5 O0
mM
T

·eekpartitionIdar Ipartition

Given
=) p= D,0...oDt

D 2rcn

· YE1Di1<"Y
*itile: imagine pts =gridpts any line passes through

.....
a O.(or) sets

f -- 1 d
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No by or cutting

If Suppose the incidence go
6 hoe 3, anedges.

Take B<<< and set v = Bn3

· Apply M. partition =) P: D,0.....DE



every ux c) has neighbors P,

in O (or) different

1) FeeL U Dj

ago.:
it dey(l,pi) = 2

deletes edges from 1 to Dj 01
#edges deleted <n. 2. ON)

= O(p.n")Ez)
By averaging, EitSt), st.

#edges from 1 to D; >, Lel6), Is
2/3

· Look at CL, Di]
= En

↑<(Di) 12M/r ~or L

Build an auxiliary gi. T c./

g pV(P) =D;
.*
=GID:

E(P): for each ICL w./
#

de = deg(1,Di)x3

put de
ux-dis; As in

deg >, 3
L5)

N(l, Di)



· In , call a triangle L-triangle if it comes

from some th

all L-triangles are edge-disjoint as

& is Cy-free
=>#edge-dis; As <, #L-triangle)

in T
- I (dol

since dels?
I do

-I n = vh(IB:

· Removal lem >4 has wellD:13) As

v((bi () =02(n) > 0 (n3) >, #2-triangles
=>I a non-L-triangle in 4.

=>C in a E

0
D.



&et.r (6,0) = mi N st. any 2-edge-co), of KN

- monoX. G

assical: y C r(Kn,Kn) <4"

Im)Chvaital- Rod-Szemeredi -Trotter

. dEIN, A(G) <d

= r(0,x) =0a)(G1)
· Multicolor verof reg. lem.

For a bridge-c.gr. 8, a pitt. V(6) = V,0....Ur

is an E-reg. pH. if

· Vije ([r)), ((Vil-(1) =9;
· for all but 5(2) pairs ijt())
(Vi,Vj) is E-reg. in every color.

Multical. Reg. Lem. Fa70, k, mEIN, EM =M(a,m, k)

s.t. every k-edge-cl.gr.60./nsmuxs admits an

erreg. pH UCH) = V,0....Ur, who meNEM



Reduced gr. -> reg. p.H.

Only difference: assign majority col. to ECR)

tu(Brook's tha) UG = x(G) =A(G) + 1.

If (Ch - R - Sz -T)

Let m2, 5 r)Kd+1,Kali), 2 = Ym and

C:= FMgld.
Let N = CIG), and fix an arbituary 2-edge-cl

of KN.
Goal: Find a monox. Copy of G.

Apply multical. reg. lem, to the given 2-edge -col. KN.
and let R be the corresp.

reduced gr.Co.)
a 2-edge.col. indicating the majority color.

· As <9(?) irreg pairs, R is almost complete:

e(r)),(1 - a)(i) - (1 -E



· Turan's the ER contains a clique Kmys

·m(z) w)Kd+ y,Ka+ 1) knER
- Emonx.kaxFkr**· Kdth is a home image of G

as D(6)<d by Brook's the

· Embedding Lem: monox Kd+R -->non x G

⒗
in KN


