


Lecture 39 G

5 Induced matching
o-o ↑
ti

Lef: M is an induced matching in G --
0

-

of E(GLU(M1]) = EM M

Im now to union of a induced matchings, E(G) =UM,
i=1

p
=>e(6) =d(nY induced matching

·Application s
1) = (6,3)-thu -

2)5 Roth's the Exer

If I Induced matching than 5 (6.3)-thm)

#S: v 1 3-unif (6,3)-free ->c(x) =0 (n)

·By passing to a subgi.w./ highest aredeg., we may
assume It is linear.

· Take a random equipartition
V(()) = V, v V, o Vs 88
=>expected # edges in H(U,U2, rs]

= Ge(f)) v
23 "

=>I an equipt. V.,V, vs co

#cross edges for? Ge(H)



od; ex
=0(n-)

· Define an auxiliary (shadow),an G on V.0Us.

=>161: 9y2:x YZEECHL
xeY, YtUn, zeUs3 gjj6 = union of all Link gr. of

us in Vi

· Write Mr= link of VEV,

1) linear 5. My matching EveV,
S
·

e(a) =-/Mr) =

eco

A VEV

matchings are edge disg

Suffices to show e(G) = 0 (n")

To apply IMT, left to show that

M, is an induced matching
va

AreU,
V Us

· Suppose not: 7U.V.,MnVEM

St. there is another edgeGsay ULV, Wlog

= UcYtMr, for

some v'FV, V'eV



=>(6,3)-subgr. in 8 7. O.

If (Induced matching the

· Supp. not: -G union of a induced matchings

but e(G)>an" for some 20

·Apply veg. lem. on
6 0 2=%0 and m = Ys

Let R = R / 2,29) be a reduced gi

·

Do the standard cleaning 6 ->6pG
e (Op) >e(6)-32n"), cn/2

~ By Pigeonhole EE an induced

matchingforM w./ >, 2r12 edges in GR

Note that IV(M) K, Cn

·

Define Uj =Vj nV(M) F jESW) = V(R)

Set u = 0 94j: (4K,<(vj/3
I collect the substantial parts)

From ulj= VCM) to U, we remove [En = </0
uts

=> (U1 > F(V(M)1 = EIM



So (U1 > (M1 and UEU(M)

- U spans an edge in M d(v,vc)7,25

V Ve
· After the cleaning, we know this edge

has to go by some (d, h)
in some E-reg. pain (V.,Uz) w/ ⑩
density, 29,

· Since (Mi1> E(Vi), ie(n)
a - reg. -d(u,,un)),d(,,va) - 27, 9

=>

e(u,u)>9(x,((uz) > (4,

I there is a non-M-edge in [u.,Uc]
contradicting to M be induced. "

$ Ramsey - Turan for Kx. (Survey Ramsey - Turn theory

Simonovits-So's Disc. Math)
Nation
-

maximiser

Turan: Krt-free E OV
↳ W

r =3

The (uniquel maximiser has OzONLIYs TrIn)
a very rigid str V3



In particular. Tr (n) has of (n)-size independent set.

Natural: What if no sit. Linear hole?

Initiated by SOs in 1969.

· Guen H, m, nEN, the Ramsey-Turan number

for H is

RT (n, H, m) =max(e(0): . (61 = n,
· H-free

ik: If there is no restriction, · a(a) -> m3
i.e. man, then RT(n, H, n) =ex(m, H

The most classical case is when m =

0 (n)

&ef. Given a gr. H.
Let DRamsey-Turan density of H

f(H): = him limeinthe870n -> x

Define RT (n, H, o (n)) = (Y(H) + o(K) (2)
*ub By a simple are argument, the above limit exists.

Exer Prove that RT(n, K3, 0(n)) =0 (n)

compared to Mantel's thm. ex(n.K3)=E



tm)Szemered: 1973) f(((x) = Y

RT (n, Kx,0(n))<oto (n%

ex(n,(u) = 5 1011

Bolloba's -Erdo's graph, geometric cost, matching lower band

= RT (n, K2.0(2)>, 4 - 0 (n)
We do not have an Erdo's -Stone - Sim, for RT.

pOPen,I RTU,Kuinn,ocul-ocmat6: .n - ux NT S turan
prob.

Ka-free -> eb) = to(n2)-

- x(G) =0(n)
w(ij) =d(Vi,Vj)

·Apply reg. lem on G and take its weighted reduced gr.R.
-

(B) =r

Suffices to show
) R. D-free

S
2)no edge in R has weight

larger than 120 (1
as

a gr

1) - #edges in R =y, J

2)Ee(c) - (r)" (E +o (1)T = C to (17) n



1) If EDijk i R mx Vi,Vj, Wa
Vi pairwise neg

& use

· typical V. eVio -> (N(vinVj)
= d(n)

INCUiL nVel
vj V

·pick typical y in N(vi)nVj.
# I N(v,vj) nVx) =m(n)

&(G) =0 (n) -> E edge ec N(vi,Y) rVk

edv,y - by b

2) If E w(ij) >1+c, consider the corresponding

atypical a typical (Vi,yj)
H

⑤ · x(G) =0(n)

= &edge xy c V,

Vi vj
:andx.bbothMoionlurtin

d(Vi,yj) -y + c d(y,V)c( + c - s)(Vj)
=> InV1 =r(n)2x,28 ↓ 6

contains an edge easx(b) =0(n)edxyz ku 1. O=


