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31. Reduced graph

&ef: (Reduced graph) Given an E-reg partition V(G) = V00V,0....Ur of G.

5so, the reduced (cluster) graph R = R (3,5) of G is defined as follows

·v(R) =[r]

· ijE(R) E>(Vi,Uj) is soreg w./ density >5.

It is often helpful to view a reduced graph as a weighted graph,

assigning weight dig=d(viii) to the edge if in R.

We can also define the weighed deg. of a ux; <VCR) to be

dp(i) = 21, the

Exer. Normalised mini deg is inherited by the reduced graph R=R(9,5), i.e.

#tx() - S -z(J) - o(k)

Exer. Bound the edge-density of 6 by that of Ris, i.e.

eay =troI



The notion of reduced graph R(9.5) captures essentially the

whole (asymp) information of 6 on subgraph densities

12. Embedding lem.

Informally: if G is H-free - R has no home image of th

jce- HER(S) => H =G,

Len)Embedding lem) For
any
dt(0, 11, 121, 79070 st. T.EH

for any 280. Let 6 and H be graphs w.) D(H) <A. SEN

and R = R(C,d) be a reduced graph of G

Suppose the corresponding reg. partition of t has each of its parts of size

1.2%D. Then
it HERIS) -> HEG.

&

uk: Think of d, D as constants and 1618(1), (l=8(s) and

I could be linear in 1. That is we allow Il = 0(101)

Sketch of pt. Choose Gold St.

1d-38 - GxD3d03, so
Let Y: VCH ->UCRL be a home. (exists as HER(s)

Order VCH) asu, es,..., 11. Initially, set Yg = V, for all jetn].

Embed usv, ..., his one by one and update the set of eligible us

Yeluj *VY(uj to embed to, for each Uj, j, ; and Minj GECHL,

by intersecting it w./ N(UI), maintaining always (clus) K, ElVysuji)



When embedding Us in Mesuil *Voluis, note that for each ini of

dinjEECH), in Visuis, all but E/Vguis) us a satisfy

dlu, Yosug) Y(d-a)(Yeco)
Since (Villd-el3-EDIVil> max9s, aIVilY
we never get stuck. B

Eer.Prove it rigorously for H = A: RT and 4 embeds

Hto a triangle in R.

#er. Make the pt of the
upper

bed. of EFS-S. vigorous

A
Counting tem
Len (Counting ten) Given H, V, .

...Unw./h = 1H1 and

Nilin, all pairs (Vi,Uj) are Erreg. and d/Vi,Y) = diga
each V, contains exactly one ux of H

Then # copies of Han V, ..., U is

# (dij +(a).n"
ij EECH)

where C:CCH is a costdepending only on H.
V,

vi

* O
H
=D ↑ h
v= ny

.... vO=YOv



#er. Prom the counting lean for the special case H= k3.

*4. Ruzsa-Szemoredi triangle remond lean.

Informally: if a graph G is almost A-free (obni) triangle

then we can make GA-free by remorning a negligible

amount of edges (onedges)

Lea. (RESE D removal learn) V(0, 7a = a(), s, for

suff, large in T.FH. Let t be an a-x graph

It has I and As, then a can be made A-free by

removing an edges.

ok: The contrapositive says one cannot destroy all As in

a graph by removing few edges (i.e. there are many edge-disjoint

triangles), then the graph has positive D-density.

More specifically, we have the following for all fixed H.

Removal Lem/contropositive 0920, 7870 st. T.F.H. for all large n.

If Go is an n-ux graph that is safar from being H-free

(i.e. G contains, any edge-disjoint copies of

then G contains), sn't copies of H.



Of idea for removal lem:

By counting lem, if G is almost A-free, then its

reduced graph R must be A-free. Then we can delete

<feel edges not corresponding to R to make 6 D-free

&Cleaning the graph G.

We shall define a subgraph Op*G corresponding to a

reduced graph R = R(9,5), obtained by keeping only edges
between (reg. and densed pairs (Vi,U) for where is WECRL.

&

aim:e(Gp) = e(G) - o(n) G

R O
H· Remove inner edges, i.e. * Otedges in Vi, ic[r]
O

By choosing ms/q when applying the reg. lem.

=>I parts = r >, m>, 1

=># inner edges (v. (Mr) smattent
· Remove edges btw. irreg. pairs.

#ireg pairs [252

=> #edges by imeg pairs (Er?. (T)" = an"



· Remove edges btw. sparse pairs (parts not

corresponding
to edges in R

#such edges [J()" (r) = t8n"

From 6->Gp, we delete at most

↑(39+ 5(n =0 (2+3)n" edges.

Edges deleted in the above cleaning process is the non-essentially
infor, we discard when forming the reduce graph


