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Recall Kovari-Sos-Turan: exin, Ks,s) = 0 (n2-(

·matching lower bound of (n-"s) is known only for

t>( - 1! + 1. I norm graph(
· Bukh, alternative random alg. constr

recently: tc,expls) V

Let us start weshowing why Glnip) is not ideal.

⑤ Long smooth tail in binomial random

coner

consider
pain onsocomein o#

(e(6)) = n-p =n3 - Y

· Concentration > whp. e(6)>Ee(G) n
n

We want to Pr(Ks,t (C) for some to

For anset Urwrite NY(U) =r N(n)
uU

I every ux in B falls in NY(U) w/prob. precisely

=>IN*(U) o Bin)n, Yn), which is

p
=

Ym

distributed roughly as a Poisson v.v.w./ mean 1.

In particular E Pr)IN*(U)K,t) =YH1 longsmother



· By union bound,

Pr(Ks.+=6) < 2(?). A! -0 when telosogu
loglogn

The order of t cannot be improved: it can be shown

that wo.hp. This random graph contains Ks.e, w/t= togn
Conclusion: Even though the N.V.

Pr. A

IN*(U)has mean 1, its distribution ⒗
has a long Smooth tail and so Iit is likely that IN*(U) is -=
large as there are many choices for U.

Cs Random alg. conster.

Idea: Build a graph using a random (bold degl

polyn over Eg and
then get rid of (feel copies of

Ks,t by deletion.

·locally enjoys the independence as in

Fecture s the binomial random graph and so we

I
can estimate sedges

·pr. of appearance of small graphs.

·random poly > View N*(U) as a variety

"Magic part" Long-Weil-IN*(US) has a



"discontinuity" of
either it is bad

or 2,92
=>Pr(IN*(u))>C) = Pr)IN*(u)(),9(2)
We have a much better bed. when 9-0.

Construction Let S(,4, d= s-s +2
n=qn

I suff, large prime power, n=gs

Let : Ig'xIg' -> Eq be a ⑤f
uniform random polyn. on IS variables

w.) degree & #gS #g

Let to be an (n,n)-ux bip.graph of each part being
a copy of Ag and now off flux) =0.

+

Leto be a unit. 2s-variate random polyn

w./ deg Ed over Ig.

= Vu,veIg -

Pr)f(u =0) =Yg
#. Let c<Fg be the constant term inf and set

g
=f -c

f unit chosen - C is unit distributed in #g.

Now, conditioning on the value of g(u,U,



f(n,r) =0 () c =
- g(3V), which happens

v.wood.Y.

So,Ee(x) =nYq = n--

Lem Let f be a unit. Is-var. random polya over Eg.

Let U,VEIg be sets of sizes and a resp. 0

sr = min(vg, d)

=>Pr ruCU,veV) = g-Sr
xvV

· Call on set us in a partitised to 8
bad if INYUCK, t

We shall control #bad sets and do deletion.

· Moments ofIN*(U)1 = =g*Nx(n)(
Linearity of expectation

-> E(/N+(u)(4) = Et.5r**Nx(Y .... Iwxal]
= 2#(Imani... Iwasal
~
. .

. .

,UdGAgS



= 2 Pr(fin, vi1 =0 VucU, iE(d])
~
. .
. .

,UdGIg
S

By the previous lean, the summand = gs if

Sv, . . . , rely has rEd) distinct us.

Let Mr = Oa(1) be # surjective maps (d)->(r)

=>E(IN*(u)(0) = = 19). Mr. 9 =0all).

· Crucially, by constr. We can view NYU)
as

a variety as follows N*(u)
NY(x) =Sve1j: f(u,0 = 0 for all well?o=r9f(u,. =03

weU

Lang-Weil - as a variety

IN*(USI
either <2 (depends only on a

-

or >, 9/2

· Markov cieg (Pr(X>, a) = E(

PrIIUlK() = Pr(IN*(n)K, 2(z) =Pr/IN*(u)(8),(E)S
⒔#Auld) = EO



=>expected # bad s-sets (2 (3). Of
deletion

= O(gS=3) = 0 (EC(E)
2n - x,

Taking t= C+ > Ks.tifue of M (n2-(s) edges
⒔

⑤ Rational Turan exponent

A rational #re(1,2) is a Turan exponent if

bip.
-a graph H st. ex(n, H = 0 (n").

nj Every rational t(1,2) is a Tunan expanent

Ex. 312 r Ca
2. Is V Kst.

#

m (Bukh-Coulon & rational of (1,2), 7 a finite

fam. graphs I sit exsn,f) = 0(n"

The forbidden fam. It comes from bloops of rooted

trees.

&ef A rooted tree (T,R) consists of a tree T

and an indep.set R as roots. The density it of



(T.R) is T. For a set of non-rotate

SEUCTIR, defies its density ts=Es, where
e(s) is #edges in T incident to S.

Arooted tree IT,R) is balanced if ts3FUSEVITIR.

&ok. By defa, in a balanced rooted tree, if lisk, 2

then every leaf in t must be a roof, and leaves

are evenly distributed
e(T) = 3u v

O

Example ·- roofs (R) = 2
p r'<
R R e = 2 = 3/2

balanced: · S = 443, ts:7 = 23, TT

· S: 9u,03, T5:32 = 0.
· Given a

rooted tree IT.R), the pith power TP

of (T.R) is the fam all possible unions of p distinct

labelled copies of T, all of which agree on the set of

uz
=U, U roots R.

is-or V =4,v, =UzX p =2 or R ·⑧
I ⑧ ⑧

n
=

rb-d1 Uz



u, v, = U2

Fore
non-degrerate

p

Ex./ - 1p,e
(R1 = 5


