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thm (Pilhurks) For larger, ex(n. Cm 4Kn'he

To warm up, let us consider forbidding CaidG.C....God
exIn, 5mn) = 0(n)

Take a BES (Breadth First Search :tree T X i = k

ben freezlVik, ECG)
" u

3)a)"Nel = IC01= n
=>S12) In

Rank. We have to be more careful to implement this

BES approach as now we only forbidding Om.
<degenerate

Note than Gzi, Vich, is ahomomorplia image of <us.
The main difficulty in

many bip. Turn problem is to

control the count of such degenerate homomorphisms.

EpEvery graph 6 contains a subgraph #W./

8(H) <d182.



Pop Every graph G contains a bip.subgraph #W.

e CH) >, eC62.

#ef A P-graph is a cycle of length -cK

with a chord.

⒗...
isa

ExLet k3 and I be a bip, graph

W./ dH3CK. Then I contains a Ey-graph.

Cre
Idea: Consider a BES tree To

If between
any of the first I pairs

of consecutive layers, the is a user. P
= E Ck O-grgin

each of

Then Ex =>
the
first he layers expands by a factor

22(*)
We need the following lem, showing that on-graph~
contains paths of my varying length.



Lem Let I be a on-graph and USF) = AUB

a non-trial partition (A,B74)

If F is not bipartite w/ bipartition AUB,
then there A, 8-paths of all lengths less than IF=U.

If: Suppose for some (lh, there is no

A,B-path of length 1 in Fo
We need toprone that is

bipartite
/ spanionan

the spanning AUB
· Identify cycle in0.1 In

↑ ⑧
⒕

and think of IA,B partition
⑧

⑧

&

as a z-coloring a of In o B⑧...· Define the set of periods of C &

⑧

P=9mek:Vitn, <lil=clitm38.
By our assumption, 1P.

· A, BER I the smallest period mEP
-

divides re mIn
=>P= Smi: it[n].......



· May assume MC 2 for otherwise

AUB is a bipartition of F ↳
O I

·Suppose the chord in E
H-1 &
A By

connects is 0 and ro

· If n-w = WEI mod M

=>
many
contradicting m2 and mn. jt1+r-I
· Suppose If I modm, i.e. 5-1P = 9mick)
Recall IGP, = I some jtkn s.t.

c5LF c (j+)+r-)
We

may assume - m <j10
=>consider the 1-walk

8, 8H1, .
. .

,
, 0, 5, 5+1, . . . , jtetr-

is an A,B-walk. We get a contradiction

But we can assume (+5-1n
unless 1+W-1m.

by substracting multiples of m



whiling still being a non-period
The case M-5 11 can be handled similarly.

⒗
If. (ex (n, ()=4K.nM
Let t be an n-x carefree graph co.l

-(6) >.yKn'
H

By passing to a subgraph and lossing a factor of 4

E H hip and 51HK,d15Yn<2k.n
For iso, let

v= Nticres ↳DH =
= H [Vi, Vit]

I
d

m Xi 26-1, &
Hi has no f-subgraph
(Clam*Thnx= d (Hi) <ek-



Iteratively, as neck, for i=0,1,2, ...,by,

on
average, each up in V; sends downward

↓Vit ), 5(H) - 01K) edges, while

Each ux in With sends back to Vi <2ky edges.

=Noxicky, the ratio

IVitv,K<-OK
-OssR3, (Vel= fel....I 3. I

= JCH) < 2bnh 2.

#

Klain) Suppose Hi contains a On-graph F.

we shall find a copy of C for contradiction.

· FEH, bipartite, say YUE is a bipartition of USF)
Y
= YMW, Zi= 2nV,

Yix: YrVie Zin=2 & Vith



Fora x veT, write T

DI) for its descendents.

· Let I be a minimal asff
2.ancestor of Yi, that is, HiCa3 is the farthest vertex &it

F I
from xs.t. YiEDCy) B = VCF) ) A

· Take a childz of St. A: DCz1 &Yi

#P

·Minimality of 8 => TiA +P
nontuial

Consider the partition A and B= VIF) (A.
d

· As every us in has deg ) 2, there must be

edges between BuV; and BuVith

=>(A,B) is not a bipartition of F.
Leav

=E (A, B) -path ofmath <IF)



Let I be the dist between X and y

So ki and T

26-215-9) < 2k [ IF). fast· Lem=Ea,b-path P V I
of length

H.< 2.

F

&it
24-211) and azACY

b-B
B = VCF) ) A

· Peven length =>R·

and (Y,z) is a bipartion

ya-path vy,3-pdev PECu. E


