


t.ec/-ure13-
• Extensions

Def , exln , F , H) = max # copies off in an n - vx

H - free graph

exln.tl)= exln.kz
,
H )

⇒ Erato's - Zykov Solved the clique case :

sat
exln , Ks , Kt ) is maximised by Tt. , /n )

• Alon - Shikhelman 16

• Gishboliner - Shapira ( cycles)

-

Gresik
, tatami - Hladky - Kral - Morina - Razborov

exln.C-s.kz ) = (% )5 0
A ☒ blowup
0 0 of Cs
0¥

: The problem is degenerate , i. e.

excn.T.tt)=o(n* " )
,
iff 7- HGT

.

EI .. When it is degenerate ,
in fact

ex ( n , -1 , th = 01h17 -4-1 )
.

:
Are there any characterisation for when

exln.T.tt) = ◦ ( ntl
- k
) for some KEIN ?



Two conj . of Erato's
.

( $250 )
- -

( sparse halves)

Ccj tf n- ux b- free graph G contains a set of

% uxs inducing ≤ 75, edges

think Best possible if true
°

D
8-0

Ccj tf n- ex D- free graph can be made bip . by

renewing ≤ "%, edges

Par#Bipartite Twain
We have seen in ESS that exln.tt) = ◦ (ai )

when His bip .
We shall see that ai fact we have

0(n2
- CH )

.

• Ref : Fiiredi - Simonovits Survey : arXiv : 1306.5167
.

Earliest result
, Endo's

, G •se Mo
Thm-exln.ca ) ≤ 41 /+¥) \o/

⇒ ({ + ◦ ( l)) n3k



PI =

. Let G be an n - x G - free graph .

Idea : Double count
'

cherries
' k

, , , ,?⃝N(u )
•

p pick middle ux v

2) two of its neighbors . Jensen 's ineq .

Take fan = (E) f convex

⇒ # = -2 (dy)
V-r.ir . ✗

⇒ EACH)≥f(Ex)VEVLG)
gave

. deg
Jensen

sin . /É)
2 e.(G)

2

= n ( tn ZECG ) ) =

_n
- e (G)

2

• ° " "" "" ⁿᵈ
"
# ≤ "

¥for ow
.

we get tho k , , , 's with

diff . middle vxs sharing the same pair

of end uxs
, yielding a copy of 4

.

Z

Note that Cq = 14,2 .

☒I
By double counting stars instead of cherries

we get the following . ☒=☒⑤



e.✗ ( n
, Ksa ) ≤ t.ir

2-%

ᵗ¥⇒
A careful calculation using this approach gives

Thin ( Kiiuari - So's - Turin) set

⇒ exln.ks.tl ≤ ({ + ◦a) (t - 1)% n2
- %

As
every bp.tt is a subgraph of sone ks

. £

⇒ exfn.lt )=O(n2
-

4)
.

• It is a major open problem to determine the

order of magnitude of e- ( n , Ksa )

Matching lower bound constructions R(n2
- %)

Are only known when • 5=2,3

worm graph
- Kotla'riR◦Mai 's" • t ≥ (S - 1) ? -11
- Alan

, Rornyai , Szabo
'

Random alg .
constr

.

Butch →
• t ≥ exponential ( s ) .

1<3,3 - free constr .
↓

Qpen_ Improve ILM ≤ excn
, Ka,) ≤ O(n% )



• Cq - free graphs and Sidon sets
.

Det : A set S= {a , ,
. . -

, an } ≤ IN is a Sidon set

if all pairwise sums aitaj , i≤j , are distinct , i. e.
a+b=c+d has only trivial Sol

"

{a,b}={ad} ins
.

-hm?) The largest sides set in [n ] has size

/ It ◦ d) Tn
.

E✗_ 1) Prove the weaker vpp .

bd that
every Sidon set

in [n] has size ≤ 25h
.

2) Use Think) to construct an n- w G-free

graph w
./ or / n" ) edges .

This exercise shows that exln
. G) =⊖(n% )

Thm_ (Erato's - Rényi - So's) exln.ca ) ≥ # - ◦a) risk
.

Pf : • For large enough n
, it is known that

7- a prime p between ( I - ◦ d)Tnt and Tnt
.

Consider the following graph G :



- ✓ (G) = IF;) {(o.o)} and

- E- (G) =/ ( a.b) ( x ,y ) : ax + by = I }
Delete loops .

Take two distinct us Ui = (ai
,
bi)

,
C' C- G-

t.nu
, ,

-

Nfv ;) consists of us ( × > Y ) satisfying

Aix +big =L
,
which is

(ai
,
bi)= ?⃝

a line in IFF .

As ui-tu.NU,) and Nts) are two distinct lines

intersecting at ≤ one pt .

⇒ u
, ,u, have ≤ 1 common neighbor . ⇒ G -free

.

•

every vx has deg p or
p- i / if -7 loop )

e (G) ± { ( p - 1) Cp?-17 = /± - ◦ (1) 1h31? ?⃝

A related problem asked by Fischer - Matousek
.

Qpen_pwb Let G be an nxnxn - ux ⊖
"

✗ 49 -

free3-Partite graph .
If between any

tho partite

g-gsets
,
the induced bip . graph is ↳ - free

, n

n



then how many As can G have ?

• n5 /3 ≤ ±, ≤ n
7/4

I C- S
Coulter - Matthews -Timmons

A quick applicator of K- S -T to Endo's unit

distance problem
.

Prep A set of n pts in R2 determines

≤ 01h3 /2) unit distances

G n pts
If : Build an auxiliary graph

^

a

- '

G w. / ux set being these ?⃝
↳

↑¥
-

n pts , where two pts
8)

.

are adj . iff they are of distance

1 apart .

Note that G is Kzz - free {¥¥
as Nfv) comesp .

a unit circle centered at °

and two circles in the plane intersect at ≤ two pts
.

• KST ⇒ e( G) = O(n3k ) ?⃝



•Rmk_ best known upp.
bd is 01h43 ) due to

Szemerédi - Trotter
. Improving the 43 exponents

would be considered a breakthrough .

• Brown 's constr
:

ex / n, 1<3,3 )=R(n% )
¥ Y

'

✓ = IF} ,

(a.b. c) ~ (a :b ! c ' )
⇔ (a-a ' )2+cb- b ')7( c-e'F- 1Hu- v11' =

• Ks
,
}
- free

,
geometric intuition : NH corresp. a sphere

around u and three spheres have ≤ 2 common pts
.

• Even cycles

-

Bondy - Simonov its exln
. Can )= ① (n'

+%)
Only matching lover bds known : k= 2. 3,5 coming from

finite
geometry . Lazebnik - Ustimenko -Wbldar

.

6
Qpe= Improve I / n°15 ) ≤ exln , Cq)≤O(n% )

we will present a short pf of Pikhurko using BFS
.



Thc ( Pikhurho) For large n
,

e.✗ In
, Can) ≤ 4k .

n'
+%

.

Rink ,

• Split opinions on whether n' + % is correct

• The leading constant has been brought down to

(He

.JO#gk.n1+ke)Op-enIsexln.Cue)--o(rk.n'+%) ?


