


Lectures

Recalde For a graph H ,
its homomorphism threshold

H- free graph
is

Jhom( H) - wit { ✗ c- Con] : 7-7=1-(1-1,2) S.t.

H n- vx H- free G w
./ SIG ) ≥ ✗ n satisfies

GET }
• Since GG -1 ⇒ ✗ (G) ≤ it = 0*11 )

⇒ KH
.

From 1H) ≥ 8×(1-1)

So 8ham ( Ks ) ≥ 5×(1-1)=43

Today : 8h0m ( Ks) ≤ 43

Thm_ ( OberKampf - Schacht 2020)
t n- vx D- free graph G w

./ f(G) ≥ + E) n
,

7- D- free graph T w./ IT / ≤ 22
""""

S.t. G p
.

The pf is probabilistic ,(showing a stronger statement that

G is in fact a blowup of such f. if G is maximal
A- free )



Idea Partition VCG ) according to a random set /of

constant size) and show that this pH . corresponds to

a blowup of some D-free T
.

• Notation
:
for UEVCG )

,

N*(6) = common neighbrhd

= n Nlu )
.

By pigeonhole .

well

0bs_ / NYU ) / ≥ JCG ) .lu/-4U/- 1) n .

Exercise if not

clear
.

Pnp_ G. n- w maximal D- free K nonadjacent v.v

• 8(G) ≥ + e) n
⇒

/Nlu ) n Nhl ≥ 3 En

Pf :

• maxima lily ⇒ diam ≤ 2

7- we Munna , u.É•Ñ
• D- free ⇒ Ncw)nNlu)=∅] Ncu ) Ntv )

Ncw) n Nato ⇒ / Ncu )uNay≤ n - dew )

⇒ IN (a) ANNI = dlu ) + day - / Nlu)uN(us / ≤⇐ - E) n

≥ 2 / { + E) n - I } - e) n =3 En
.



Pf ( 8ham ( Ks ) ≤
'B)

Set m= 84%-1--0*1 .

-1=2? 1=27--1

We may assume that G is maximal D- free
.

we will

show that G is a blowup of some D- free T w.lt/ ≤ L
.

Claim 7- a set Y a. I m≥ / 41 ≥ ( I - %)m

s.t.li) ( few bad as wrt Y )

B. = Bly)={ VEVCG) : d↳Y)<# & ) /YI }•has size IBI ≤ E%
typical

⇔ 5 /GEY] ) ≥ (1-3+4) IYI
.

according to the neighborhd in Y ,
i. e.

.⇔⇒. " ""

fi c-[t]
,

-Vu c- Vi
,

N(v. Y ) = Yi e- Y

so t ≤ 2141 ≤ 2m = T

We shall see that

( 4 ,
- - . ,Vt ) is a blowup ,

that is ✓ (G) 1B

• Vi indep Ki Ect ]

• Vi ,Vj either completely joined V-o≠j Ect]



or no edge between

• By detn of B
,
Hit ≥ /§ -1%1141 > ◦ ,

-ViE-c]
,

which together or ./ D-freeness ⇒ Vi indep .

• Supp .

7- "i ~Vj vi.Wi c-Vi

winwj Yiwj c- Vj

I
- Viney. ⇒ Yin Yj =p

Wi , WJ
- wixwj-snwe.comn•µ÷!in ✓(G) 1B as

{ IN
Iwi )nN(wj)I ≥ > En

IB / ≤ Eeg
say 2- C- Vie

,

2- ~ wi
, wj ⇒ Ya disjoint from

both Yi , Yj as
But /Yid

,

/Yjl , /Yul
G is D- free .

≥ / 5-1%11412
.

✓(G) IB
Dealing w

./ bad us in B

i"Let us first show that

Ku c- B
,

ti c- Ct ] ¥÷!≤
%

either Nlu , Vi ) = Vi

or Navi ) = ∅



Supp .

7- Vi
,
Wi C- Vi

,

Sit . U ~ Vi
U ✗Wi

Again , as u -1 Wi
, by pop .

u& Wi have

a common neighbor z in ✓(G) 1B
, say 2- C- Vj

Now 2- nwi ⇒ Vi Vj complete ⇒ Evin IA 2
.

• Thus
,

we can partition B as
follows

µ. µ
,

✓, V2
.
.

-

B = UVS 11TH
⇒ a pH . of VCG ) w

./

zt ≤ 1-+2-1--1 PartsBWe are left to show that
Vg -0

Us '

Uvg is a blowup , i. e.

SECT]

• each Us indep set ⇐
"s in Vs

"each"has
≥ 816 ) - IBI ≥#¥ )n

• V-g.US#elypiied neighbors in V.v . . . out
OR and they havetheKS#S'E[ᵗ] no edge in between

same ueiqhbbhd in
suppose Ws ✗Ws '

,
Us - Vs ' V

,
v . -

- ✓ Vt
Drop ⇒ 7- 2- C-Vi (sone ) 7- - ws.ws '

with D- freeness⇒
⇒ vs.us ' ~ -2 ⇒ D k Vs indep .


