


Lectures

Recall ESS : exln.tl ) = (1-4%-1-+411)¥
What happens when an aux graph has more edges

%
than this threshold ?

• ESS ⇒ 7- one copy of H in any such G.

• In fact
,

we shall see that
"

many
"

copies emerge .

Such phenomenon is called supersaturation
.

Def : Given a graph H
,
its Tunein density is

11-11-11 = him e×{;n→ no

• ESS : AH ,
ITCH )= 1- x¥T .

Thin For any graph H
,

TICH) exists
.

PI : • Let e×¥ = an ≤ 1

Suffices to show that this bounded Sef { an}
HEIN

is non - increasing .

• Take an nix H - extremal graph Gn
.

So

ec{ _ an .



• Uniformly at random delete a vertex[ from Ga

and let the resulting ( random) graph be Gn
,

,

E- felon -d) =/ 1- E) ' e'

uEa↑

- By linearity of expectation ↑
• for each edge e c- ECG Pr( the random

deleted it

Pr ( e remains in Ga
. , ) = I - % is an eadpt of

e) = Yn

= ÷ . an / 1)
= an . (E)

◦ Therefore
, 7- a choices of v S.t. G

. ,

= Gn - v

has ≥ an /? '

) edges .

As Gm ,
is still H - free

a. ≤ eY,≤
"

= am
.

Rink :
• The same argument works for proving that

Turin density for any
r - unit hypergraph for all rear



exists
.

• ESS shows that the Turin density for

a graph is of the form I - £ for some KEN
,

For bip . H
, ITCH)=o IT / Kzlt))=0

Dyfi blowup . . _ .
-

t
t

-
HE Kzlt)=Kt- ⑧Erdo" Kt ≥ 1

,
r ≥2 ,

IT / Kitt))=o

§ Supersaturation
an A- vertex

Tim Guen Eso and Ed raph H
,
there exist

8>0 and no > ◦ sit
.
T.F.tl

.

for all n≥ no
.

If G is an n - vertex graph w
./ e. (G) ≥ (HH )+e) (2)

⇒ then G contains ≥ 811 ) copies of H
.

If : • Take a sift .

_large M S.t.
←
true for

m-set many m-sets
.

e.✗1m , µ , ≤ µ ,µ+# (g) eq.aea.ggm.yaa.gg/



We claim that ≥ ¥E (nm) m-sets in V16)
,

each inducing a subgraph w
./ ≥ (-1111-11+94) (2) edges .

Indeed
,
otherwise

m-sets w ./ many m-sets w ./

d-edges w edges

-2 ECGCM ] ) ≤ ¥42 ) - (7) + (nm ) -HAHAH

HIM -1%11%117)
-

§ =/ nm-H.ecG) ≥#HI + E) (2) ( nm
-

⇒
-

= film + e) (1) (1) &

• By def , each of these on-set contains a

copy of H ,
and each copy of H is contained
n- hin ≤ ( m - L ) m -sets

?⃝ h - us

⇒ # copies of H in a

≥±÷, ≥÷ñ .

⇒ 5



The Tura'n density of a graph is the

same as its blowups
.

PNP-V-r.tc-IN.IT/Kr1--TlkrltNP-f
:

"

≤
"

trivial r =3 1- = 2

Kr 1514"

≥
" NIS ,

Fix E >◦ / "

ex /nkrlt ) )≤ talkie ) (1) M
Let G be an n-w Kanz

graph w
./ e.(G) ± Ikr ) +e)(1)

.

Erdé Kt ≥ 1. r ≥2 ,

NTF Krlt > ≤ G. TICKET))=o

• By supersaturation , G has ≥ 8 (y) copies of Kr
Build an auxiliary r-wmfhyp.tl on

,
✓(G)

the same or set

where each copy of Kr in G is a hyperedge in ff

⇒ else)= # Kr 's in G ≥ 81hr1



• Endo's ⇒ 7- a copy of Kitty
a- ( KY'H=° in ff

This ki" /f) in fl corresponds to

a copy of Krlt ) in G

We obtain another pf of ESS via

supersaturation .

Pf_of :
Fix H w ./ XCHI -_ r

,

it suffices to shear that 11-(1-1)=-11 /Kr)

as F( Kr ) = I - ¥ by Tiernan 's thin
.

Note that HE Krltl
,

t= /HI .

SO ITCH)≤ Tllkrlti) 'EP IT /Kr)
.

ITCH)≥ -11 /Kr ) by considering Tn , or ,
H - free .



A graph G is fk3.kz ) - free if

edges of G can
be 2- colored w/ no

monk
.

Ds
.

Let

exln.ks.kz ) = max ECG ) :
IG / ' h

G is (ks.kz) - free
.

EI , • Determine ex /n, ks.kz)
.

• Determine e✗(n , Kr
,
,

- " ikr )
( in terms d- Ramsey # )

E-x2

Te know exln . Kr) -11 edges implies
a copy of Kr

. Show that it in facts

implies a

copy of Kai
, ( knw . / an

edge reward)
Rmk_ Regarding EXZ

,

there are two

extensions
.

It is color- critical

if 7- EEEIH ) at

1) color
- critical H

removing this edge reduces



the chromatic #
,
I. e.

exfn.tl) = ex /n , Kxan)
✗( H - e) ≤ XIH ) -1

Kri , is a color- critical graph w
. / Chr

.
# r

.

2) ex / n, ke ,z , t) =
n
≥

4- + 2. ex /n-z.kz≥
Bolloba's - Erdos's

- Sinonaits - Szemerédi

020
% -vertex Kz

,
- extremal 9ʳphe


