


Lectures

§ Applications of Symon . method

§ Endo's - Rothschild problem .

11974 )
FCG ; 3.3)

× #

Consider n- vertex graph G
,

how many 2-edge-coloring
( not necessarily proper coloring) can it here without monochromatic
Bs ? They want to

find the max
.
# of such colorings among all a- vertex

graphs .
F- (n; 3. 3) = Max FCG ; 3.3)

16th

A simple lower bound : consider G-t-n.i-ky.iq

%
F- ( ni 3,3 ) ≥ 2 = 2t→e(

Tna )

☒
Fullsetvpoftrdos-Rothschitdprobbm.ae

k_ = ( ki , . -

i. Ks ) C- INS
• A edge - coloring of G ( not necessarily proper) is 4- valid

if there is no Kui in ith color VIECS] .

• f- (Gi K ) = # K - valid colorings of G



Fln :& ) = max FCG ;k )
1Gt- n

when all ki - k
,

FCnilk.ie , . . . .us) ≥ 5ᵗʰ '" . . - - - - - (L )
Tudors

Thm_ ( Alon - Balogh - Keevash - Sndakouu)
where

Let kin C- IN
, nk ≥3 and n ≥ nolle) .

Then Fln ;(kin)=2ᵗ"" " '
,

Fln ; Chick))=3ᵗk"" '
I

and Tia, /n ) is the unique extremal graph for both cases
.

However
,
When 574 ( at least 4 cohost

,

it is known that

Fln , K ) is exp . larger than (L )
.

red.rs

Tim / Pikhurko - Staden) For 4=13 , - i. 3) ,

Tn, is the unique extremal graph for Fln ;k ) w
./

colorings coming from Hadamard matrices of order 8
.

Using Zykou 's Symon . technique
,



Thin ( Pikhurko - Staden - Yilma )

For every n , s c- IN
,

and K C- INS
,
at least one of

the K - extremal graphs of order n is complete multipartite .

an n - vertex

Pf
-

;

• Taken K - extremal graph G.

Consider a
non - adjacent pain of vis u ,u

c- ✓(G)
"

a
"@

G- utu
'

Now
↳ :☒ Gu -_ G- vtu

'

NG Ini

• For a graph H
,

let F- (H) be the set of all 6- valid

colorings of H
.

Go FIHIK ) = / FIHY )
• Let G'= G - U - V and G C- FCG ' )

,
and let

( resp .
E)

% be the number of 1- valid extensions of 8

to G- ✓ ( resp . G- u )



• Observe that , as u.VE/ E- (G)
,

and

each forbidden config .

is a clique ,

⇒ # k- valid extensions of 0 to G is G.E.

FCG : E) = [ a. a
EEFCG ' )

On the other hand

F(Gu ; E) = I ai and

OEFCG '

)

FIG : KI = -2 of
GEFCG ')

• As G is K - extremal

⇒
O≤ 21=16 ;k ) - Flask ) - FCG ; E)

= I EE - Ei -sit
GEFCG ' )

= E - Ca -at ≤ 0



Thus
"

=
"

must hold above and

Gu and Gu are also k - extremal graph .

Therefore
,
we can keep operating Symon .

as

in Zykou 's pf of Turin 's tan and obtained

at the end a complete multipartite d- extreme

graph .

☒,

§ weighted Turin

-hmL# ( Bradai ; Make - Tompkins)

Let G be an n - vertex graph and

for each edge e. C- ECG )
,

let c. (e) be

the size of largest clique in G containing e.

⇒ -2 :÷, ≤ ÷
.

EEEIG )

EI. Derive Turin 's thm from this weighted
version

.



EI
.

Prove Thm# using M - S Symm .

EI
.

Use induction on # uxs n to

prove Thin #) ( similar to pf 1 of Turing .

Related results :

• Fiiredi - Kiindgen 1)

• Zi xiang Xu
- Yifan Jing - Genniom Ge 122 )

• YE R
"

, lp - norm : Hupp = (E
u? )%

iE[n ]

• For an nxn real symm .

matrix A
,

its Frobenius norm ( Hilbert- Schmidt norm)

is
HAH ,==

i.JEG]

= Tta)=JñÑ
.

where R
, ≥a , ≥ . . ≥ Rn are eigenvalues of A .



Exempt Take A = Aa adj -

nots
. of a graph

G
: tr /AYÉ -2 dli ) = Zeca

on vertex IEA)
set Cn)

⇒ HAH,==Ñ .

• By defn : Ri ≤ Half?

When A- = AG
,

G is bipartite

⇒ An = - R
,

⇒ ai ≤ { HAVE
Prof / Ganguly - Nam) Let G be a graph

with clique # WIG / = r and A- = Ao be

its adj -
mat

.

⇒
a ,(Aj≤ HAHÉ



Ex Show that ↑
tight for Kr

.

Pf-
,

• Courant - Fisher

a
,
= sup KTAR = sup [ seixj
1141=1 11444 Ijctn] : inj

([ xioej] c- S
•

= sup_ ≤ sup
1141 :p

i¥g?

1) Alle Mil 2e(G)
2¥

Let YᵗÑbe sit . Yi = sei

Mil ⇔ Em? = 1 = EYI ⇒ 118111=1itch EEG ]

= Sup I YiYj
= sup yTAy

inj
YEA

" -1

11814=1 ,
Yi ≥o

lie . YES
"" ) % ¥ .

☒


