


Lectures
Def- ; ( Chr . threshold) The chromatic threshold of a graph H is

8×(1-1) : = inf { ✗ C- [0,1] : 7- C. (1-1,2) s.t.tn - vx H- free graph G

with 8cg ) ≥ an ⇒ ✗ (G) ≤ c }
n - vx

That is
, V- ✗ < 8×(1-1)

,

the Chr
.
# 4-

a H
- free graph wy mindeg ✗n

could be arbitrarily large ; while when 2>8×(1-1) ,
then the

chr . # is necessarily bounded
.

8×11<31--43
,

8 ✗ (Kr )=% .

- Thomassen : % ( Cuen) = 0 ,
k k ≥ 2

.

That is
, V-n-ux.cm#-fnee9raph9w./8CG)--Rln)

✗(G) = 011 )
.

07 Ca
Thy ( Thomassen) V-E > ◦

,
K ≥ 2

,
I, C / E. K ) sit. TFH

Let G be an n -* Cut,
- free graph .

If -8 (G) ≥ En ⇒ then ✗ (G) ≤ C.

Def .

• A block of a graph G is a maximal induced

2-connected subgraph
G

¥÷E
"

• The block decomposition of G ⑦,o•q☒
"""



auxiliary
• The block decamp. graph is •\•§

acyclic ,
i. e. a forest

. ••
nonbip .

•

Prep .

I) If G is honbip . ⇒ 7- anblode
a ↑

Exercise ii ) 7- a block B sit . ✗(G) = ✗(B)

Ideas : NYANN'can ✓ (G)

"

↑←n⇔
disjoint

maximal a , •az
^

- '

gem
uxs dist≥3

apart

Pf- • Take a maximal set of uxs w
./ pairwise distance ≥ 3,

say { a , .
. -

i. am}
.

- As ai 's are of dist 73 apart ⇒ Nca ;) ,

i'c- Can]
disjointness

Nca;) ≥J(G) ≥ En ⇒ m≤ YE are disjoint .
- Let Ai=NYai)(bNYaj ))

jci

Maximality ⇒ {ai }uNCai)uAi
,
ictm]

form a partition of UCG)
.

Thus
,

it suffices to show that each part

{ai } u Ncai )u Ai has bdd Chr
.

#
.

• Let 1- = 2kt / ,
G is G- free



• Ncai ) is It - 3) - degenerate , hence

It -2) - colorable ,

for aw .

Ai

Nla ;) contains a Pt
-1

,

which E- i
Mail

/ 8107 ≥ a- i ⇒ Pa
,

no Pt - i ⇒ 5cal ≤ t -3)
•

ai

together w
./ ai form a copy of Ct %

.

Thm Thomassen 83) KPEIN 7- ☐(p) S.t.

every 2-connected
, nonbipartite graph G w

./

5(G) ≥ Dcp ) contains cycles of all length
modulo p .

tweet ≥ -5
ce Aiclaim G[Ai] is D(4-1-16) - adorable .

;i;¥→;
If :

• Consider a block B w ./ &|=!ⁿfd 141--16)

✗ (B) = XIGCAI])
we need to show that B is ④ (41--16)-1)

- degenerate .

•

ai
• Supp . not , Thm⊕ ⇒ B contains a cycle of length
1 mod (41--16)

, say vi. V2
,

- . .

> Ve
,
1=-1 mod (41--16)

.



• Now Kjell] , Vj and Vj+ £ . , cannot have

different neighbors in Ncai ) for ow.

we get
a copy of Ct {

. ⇒ Therefore
, by the choice

, all Yi 's

÷
:÷

.

neighbor in Nlai
say 2-

.

✓
• ai

Take a sub path of order t - l ( ≤ 4T -16)
we get

a Ct (w./ z ) E. ☒

Thus ✗(G) ≤ m - (11--2) + D (41--16))
↑ ↑
Nlai ) Ai

≤ { f. . . ) = 0,11 ) ☒



§ Homomorphism threshold
.

Def ,
A homomorphism 4 from G to T is

a map Y : ✓(G) → ✓ (P ) that preserves

the adjacencies .

That is
, if uv C- E- (G)

then 4144%1 C- E- (f) .
G- Is Cs

homomorphism ④ -
01s :

7- Gist

•?
•

↓• l•◦ • ••

•→•b •_☆
⇔ GET /t )

• Notice that ✗ (G) ≤ C is the same as

G admits a homomorphism into Kc

( G → Kc )
One

may further require the homomorphic image
to be H - free and has bdd order

.



Det ,

( Homomorphism threshold ) The homomorphism threshold

of a graph H is defined as

Jnom / H) = inf {✗ c-G. 1] : 7- an H - free graph

7=1-(1-1,2) S.t. every H - free graph G

w
./ JCG ) ≥ 21Gt satisfies G¥p }

• Since GIT ⇒ ✗ (G) ≤ 11-1=0111
.

⇒ sina.CH) ≥ 5×11-1 )

we shall see that

From / Kr ) = 8×114 = ¥35T
• tuczak 06 : 8ham / Ks ) -_ 43

.

• Goddard _ Lyle : Kr
.

tuczak 's pf uses Szernenédi 's regularity and so



the size of the homomorphic image f is a

tower -type funct. of 2
.

We shall see a recent probabilistic pf of

[OberKampf - Schacht . 20203 ,
which gives

only a double exponential bd
.

Thm_[0-5] For every r ≥3
and every E>o ,
n - vx

⇒ [ = 2zP%Cr
, %)

S.t. for every#r
- free graph G

w
'/ 8 (G) ≥ (2rZr- 3 + E) n ,

there exists a Kr - free graph Ton ≤ L uxs

w/ G P
.

D-case-n.tn- vx D-free G w
./ 816 ) ≥# +E) n

-7 IT / ≤ zzP%C%
,

sit . GTT
.

F-free

• Can the fwm / H) ≥ 8×(1-1) be strict ?
inez .



horn
.

threshold
. Ebsen - Schacht 17

odd cycle

• Letter - Snyder 19

(0--8×14)#nom l Gra ) ≤
1-
2k-11

From ( Gaea) = 2¥
£

62m ,

= { Cs
,

' ' '

, Cane
, }

• Sankar (22-1) : From ( Czw) > 0


