


Lecturers

Read
• exln.tl ) = max {e (G) : MG ) / =n ,

H - free }

• Mantel 's thm : exln.kz ) = ¥, 030
• Turin 's thin : " ( ^ , Kr+ , ) = et-n.nl 0

"

r≥2 no:*
◦ Caro - Wei : ✗(G) ≥ [ ¥+1 Vr :(%)

vi. V16 '
or 5%7

Ef :
Find an example showing tightness

of Caro - Wei
k - vertex path

• About Erdé's - Sis 's conj : f

knows : Endo's - Gaablai 59 : exln.PK ) ≤ 1k¥ . n

§ 1.2.1 Quick applications of Turati 's thin .

( Nika Salial

1) EI : Remote TV control needs

two working batteries
.
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How many times we
have to try to guarantee to find

a working pair of batteries ? .



Inn (Erdé's) Let P be an arrangement d- a pts

in the plane w
./ diameter ≤ 1

.

Then the number

of pairs of pts w
./ distance greater than is

at most V3 .

PI : • Build an auxiliary graph G w./ vertex set P
× ,yep

and two pts none adj
.

in G if and only if

d(✗in > Ya

•
It suffices to show that G is Kq - free

,

then Turin 's then ⇒ ECG ) ≤ nY3
.

Say there is a Kq on pts a. b
,
e
,
d c- P

Only two kinds of arrangements of 4 pte in the plane :

" "

.

"

¥

"

""

d- °
c ,

b

In either case
,
7- a triangle w./ largest angle ≥ % .

but then the corresponding the edge hrs length > 1

be diancp ) ≤ 1
.



% :

Rink % tight
/ three

% -
. %

§ 1.3 Symmetrization

§ 1.3.1 Zykou 's Symm .

Zykov 's Symm .
is a process in which we alter a

graph}, one vertex at a time

• without decreasing the # of edges , and

- without increasing the clique #
,
denoted by WCG )

g-
'

At the end of this process , we the size of
largest cliqueend up w/ a complete partite graph ,
in G

.

Which is a much simpler structure to deal with
.

Pf (Turin 's thin via Symm)
-

:

• Let G be an n- vertex Kra - free graph w
./ maximum

# of edges .

Pick a vertex
, say v

,
c- VCG )

,

w./ maximum degree and

symmetries all of its non - neighbors to vi.



That is , tu not adjacent to V1

µ•y§;
.

#
- -

non_-nÉhbñ -

i
in G

,
set Nlu) :=N(v ,) hummer

?⃝É
. .

-
- - -

-
-

- i

and let G
,

be the resulting
'

i l

groin
. ÉÉ!

÷ : : :
:
. .

!
• Gq is still Ka

,

- free

4 No "" '
• ECG, ) ≥ ECG) as u

,
has

Max . deg
G1

.

⇒ ECG
, / = e (G) by maximality of G.

• V
,
= V(G) \ Nqlv , ) is an indep set in G

and V1 is completely joined to VCGIIV
,
in Gy

,

• We repeat this operation as follows
.

Pick v2 c- Galaxy]
w/ mat deg and symm . all ite non- neighbors in

G
,
[ VCGIIV,] too V2 and bet Gz be the resulting

graph . Let V2 = VCG) ) /YUNG,(
At the end

,
non- adjacency defines an equivalence

relation
⇒ the final graph is complete partite

G*
• As G* is Kr+

,

- free and it has Max
.
# edges

⇒ G* isn r- partite ,
i.e

.

0%

balanced Tmr . ☒
%Z⑨%



§ 1.3.1 Motzkin - Straus Symm .

Def
-

;

The (n- 1) - dim simplex
,

denoted by
"

s

is defined as

"

= { KEIR
"

: V-ic.cn ]
,
sci ≥o and Iki -1 }

ien]

pi
= cow { ei ,

i c-[n] }
( ◦
"

.
◦
. . .

, ,

◦ ◦ ,
1123T¥ a

÷¥¥¥⇒
• Given a graph G

,

we write AG for its

adjacency matrix
.

AG

• ÑAqx = [ Kiki i. ( y )
ijecn ] : ijEE(G)

i

• We can think of se C- In
"

as a j
if IJEEIG )weight funct . on V(G)

,
then se naturally

(vertex)

corresponds unweighted graph Gx
,
and

ÑAGK = 2 e( G- ) = 2 -2 King
ijecn) : ij c-ECG >



Thy / Motzkin - Straus)
Let G be an n- vertex graph w/ clique #

w(G) = t and ✗ C- An
-1

.

⇒ Then 7- YE Dn
"

s.t
.

• YTAGY ≥ i' Agx

• supply ) corresponds to a clique in G.

In particular , séaose ≤ F- ,
thx c- D

""

.

Rmf :
Let se = ( th

,
Yn
,
.
.
. .hn ) C- A

" "

⇒ i'Aase = ¥ ECG ) ≤ ¥
14

Kra - free
we recover Turin 's thin

.

The idea of M - S is
"
mass transportation

"

:

if se has mass on tho word
. corresponding to

a pair of non- adj . vertices
,
then we can move

the mass from one word
.

to the other w ./ decreasing

ÉAG &
.

This eventually leads to a vector whose

supp. induces a clique .



Pf write f- (E) = ZTAGZ
.

.

-

"

Take YED
""

w./ minimal supports.to

f- ( y ) ≥ f- (a)
.

◦ Suppose to the contrary that supply ) contains

a pair of non- adj .
vertices

, say word
.

1 & 2
.

Note that I 2- = ( 2- , ,
- Z
,

,

0
,

. - -

,
0¥

/

we have 2- 2- = 0 as { 1,2}¢E(G)

Consequently ,
V- ✗ c- IR

, writing a:=2✗AgY
⇒ fly + a. -2 ) = fy-idz-YAc.ly + ✗ Z )

= f- ( y ) -122 Z?AjY
= fly ) + a? 2-

.

• AT .z= (a ,
- az) Z , ≥ 0

*

choose appropriate -2
, ⇒ fly + Az)

≥ fly )
• Yet - 2- = 1%+24

, Yz - ✗ Zy ,
Y } , - - -

, Jn )Tg'=
Sum of word . still =/



We can choose appropriate ✗ so
that

one of y , + ✗ 2-
,
and Y , -22-1 becomes 0

while the other one is still positive

⇒ supply
'

) supply ) while fly 't ≥fc9 '

{ minimality of Y .

Thus supply ) induces a clique .

We leave it as an exer to show
the

" In particular
"

part .


