


Lecturer

Problems in extremal combinatorics can often be

phrased as follows :

Gian :
• 6 'a finite fan

.
of discrete objects

:

( w. / certain properties )

• f-
:

parameter defined over members of 6
.

Problems : Max ( or min) f- (G)

GEE

§ 1 Turin type problem

Puzzle : we can choose n irrational numbers pen . ⇒an
.

Goal : Max # pair (ki , Kj ) sit
. Kit Kj rational

.

Problems ( Turin type) How dense a graph can be

without containing a given graph as a subgraph F?

Formally , given a graph H
,

we say
a graph G

contains a copy of H
,

denoted by HE G
, if



there is an injective map 4 : VCHI → VEG )

preserving the adjcacencies
,

i.e .

Knut EIH )

⇒ 414414 C- EIG ) .

When G does NOT contain H as a subgraph ,
we say that G is H - free

.

E± H

•-1 A.+. :÷¥:
HE Gq H - free

1-14-62
Det : The extremal number ( Turku number) of H

,

denoted by exln , H ) ,
is the man

.

# edges in

an n - vertex H - free graph .

an n- vertex

An extremal graph for H is
a graph w./ exln.tt )

edges .§ 1.1 Mantel 's thin
Af B

Thin 1 Mantel 7) nix G b- tree ⇒

, ⇔,e(G) ≤ exfn.kz ) = 1%1

EI solve the rational pair puzzle using Mantel 's thin
.



pf-1.tl/yEElG)&-VzEV(G)
2- cannot be adj . to both ✗ & y

by A- freeness

⇒ dcxitdcy ) ≤ n * I

• Summing * ) over all edges , we get

[ (dentally )) ≤ h - ECG) - • (1)

XYEECGI

• IÑÉHS ,

each vertex se in G

contributes exactly d(✗ 12 to this sum
.

⇒ [ (dentally )) = [ deep
✗ YEECG ) KEVIG )

c- s

≥ £ / I dCH↑ = I. 44Gt . - ly
KEVCGI

Combining (1) and (2) ⇒ ⑤ ☒

PFI
.

. Let A be a maximum indep .

set

a B
in G and B -_ ✓'" ' A

.

4

• A- free ⇒ true.v¥Y
set

9

Now isoiisdep set
inaep



⇒ das ≤ IAI

•
As A is an indep set

, every edge of G is incident

to a vertex in B
AMGM

(
IAI -111312

⇒ ECG ) ≤ [ da ≤ 1131 . / At ≤ -2 ) = ¥
VEB

☒

EI
.

Prove that Ky
, , ,

is the UNIQUE

external graph for D
.

E± .

V- graph G w./ average degree d(G) at least d

contains a subgraph H w./ min deg 8141 ≥ %
.

EI
.

For any
k - vertex tree T ,

exfn , -1) < ( k - l) - n

Improving this vpp .

bd by a factor if 2 is the

well - known Erdé's - So's conj .

±dELEnj
_

Let G be an n - vertex graph

w/ ECG ) ≥ lk-Y + I ⇒ it contains every
b- vertex

tree
.



§ 1.2 Turin 's thin
.

Def : • A proper kioloriñg of a graph G is a map

c : ✓(G) → [K ) s.t.tl edge ✗ y c- E- (G)

can ≠ ccy )

• The chromatic number of G
,
denoted by ✗(GI

,

is the min # colors needed to properly color G.

• We say that G is r - partite if Not ≤ r .

In
-

graph Let REIN
,

the f- partite Turin

graph on n vertices
,

denoted by Tmr ,

is the

balanced complete
"

IF - partite n - vertex graph . i.e
.

each

partite set has
size 1% ) or I %)

. A- 3

clearly , Tmr is Kra - free
.

@ %

Tura'nth_( 1941 ) tf n - ux G 0¥"o
,if G is Kra - free ⇒ e /G) ≤ e( Tmr 's ,

43
i. e. exfn , Krt , )= ( I - F) ¥ - Ocr )

Furthermore
, Tn , , is the unique extremal graph

.



PII
.

• Induction on the number of vertices n
.

Base ; Trivial when her .

Ledge ≥
Let G be an n

- ux extremal graph her km ,
,

Maximo /ity
•

of G
⇒ G contains a copy of Kr

, Say A.

r

• Yue V16 ) 1A :=B has ≤ r- I •

neighbours in A
,
i. e. d / v. A) ≤

r-l.gg,̂ y⇒ e(G) ≤ eolA1teoCA.B1te@dCu.A ) ≤ r-1
_

± (F) + IBI - Ir- 1) + s
? ¢-1M VIGNA

n = s
- r + l

"

≤ (5+1)? she o≤l≤#
☒

IBI = n - r = § - 1) rtl

DI ;
The indep .

number of a graph r - parts {
e parts S

G
,

denoted by ✗ (G)
,

is the (r-11 parts s- l

Max
. Size of an indep . set / a set inducing no edges)

Thm_ (Caro -Weil V. G
,

⇒ Has ≥ -2 d¥+i .

VEVCG )



¥ : Derive Turin 's thin from Caro - Wei
.

[nj=V(G)

Pf- : ( 1ˢᵗ moment ) . Take a uniform random ordering
say 6~5n .

of ✓ (G)
,
and let I be the set of

all vertices v with no neighbors preceding itself
in the:S ordering i. e.

I = { v E-V16 ) : true Nlu )
,
Elul > oh }

• By choice
,
I is

• ,

"

i .

VEI comes after
an indep set

.

→ •

linearity

☒HIM"P⇔ᵗ¥ Pr / trueNan ,
Hui >say

VEVCG )

= I ¥+1 .

UEVCG )
Thus

,

there exists

⇒
✗cos ≥ [ ÷ ☒

an irdep set

of size ≥ [÷
.


