
813 (Wed)
( work)

• Bmwer ⇒ Spencer iii)⇒ KKM ⇒ Brouwer

• ApplicationS of KKM thm 1ST

Brouwerfixed-p.int theorem

: f i d → △ d coninu.us map ⇒ 깅ㆃᵈ s.tt (가) = 깅 .

-

0 : n - Simple on verticie.sk ,
-

,
V에

◦

T.atriangulaionofd.fi
V1T) -7 £ 1, .int) is aSpernercdoring.it
VE V (T) M △ {vii, vi)

,
then f(V) E { ii, → Ik }

.

(Week)

5perne.rs/emmaiForangspernercdoringfofatriangn1ationT of △ " ,
There is an n- Simple of T which is ra.inbow



Brouwer ⇒ Week SP에다
= { 세 i, X계 ) E1먜 : 가70 , 도가의 }

(마) : n - Simple x ,
T : atriangnlati.net

Take a Spencer Coloring L
: KT) → { 1, 에 메로

* wewilldefneaconti.me f : → △
"

using L .

For XE
,

I et Ex Ji De te i Th entry of K .

1하 VE V17
, [氏凡 = [ v7 + ai for each i E (n)

,

Where ai = (
t I i = ""

음 o.ua .

for Some Small £70 .

도 AND i = 도 [vi] + Ai = 1 ⇒ f (v) ≤

[ ☐
a,
- E ≥○ E i = min f ( v]↳

: VE V51) }
.

Take a Point WE .

→ 해 - Simplex of Tontainingw.bvertexsetwi.ir
. W에

메

ㅋ uniquevalueshi.int . 30 St. W = I N W i and 도사 = 1
.

i =Int1
f ( W) : = E di f (W i)

.

• Chak : f is well- deAnd & ONE매매S

i 의



By Brouwerfixed.pt -1hm, 제.EEs.tk?G)=Xo.C1tIf%E0forsomen-simp1exOofT,then0isarainbo
w Simplex .

( pf of daim ) Take an n - Simplex 0 of T that is not Rainbow .

WANT : % ¢ 0 .

Let vii. V에

betheverticiesofO.supp.seKECnt7.is notrepresented.in 6, i.e .

L(vi) ≠ K for cell IEC에 ]
.

( (vi)孔二 [ vi] . +AK0 Where a k = 음
,
for an iEC에 ]

.

제

EYE 6
. E55E다도 di U i for soi.li ≥o

,
도사 = 1

.

i 의

⇒ g)) = ( Eli f (vi)) = 尨入 i 〔 fw.DK
ii. ,

i 의 route

= 도사 (vi]. + 도 사옥 = [ 도사 vi) + 옴 = [g].+ 듬

⇒ f (g) ≠ g. ☐ da.im
.

☒ Spencer



ApplicationS of KKM theorem

a intoSection patternS & traasver.IS
.

( p , q) - Property .

• For positive intger P ≥ q , a Family f of self is said t.be (pq게選lTᵈᵈJ
If for event pmembersoff.s.me q of them have a Point in Common .

( p. q) - theorem ( Alone KKiman , 1992) For p ≥ q > d,
ㅋ constant Cd ( p .G) 70 St.

for any Family fofconvexetsinkdhanngcp.co) - Property, fcanbepi-ercedbyGCP.glpoints .

•

Md (p , q) i = min ( d ( p. q)

I.eftmostrrghtendpc.int of internalS .

• Mi (p.2) EP-1.0
→ et

tE-e_e-ef.ee
Family of internalS ER

'
with CR21-1쩊

⇔ them isnopairwisedisj.pintewds.co
First Unknown Case : M2 (4.3) .

- M2 (4.3) ≥ 3. ( F a Family f of carrier set in HE with (4.3) -Property )
that is not Pierced by 2 points .

다

-00 .to II : And such Family with Gone setS.

- HD2 (4.3) 스 ( kkitman-nydfds-T.ch ,
1999 )

- HD2 (4.3) ≤ 9 ( MeG inni s , 2020)
모
proved.by using KKM then !



- M2 (4.3) ≤ 343 ( Alone kkitman , 1992)

- M214.3) ≤ 13 ( kkitman-Gydfds.ch , 1999)

- M2 (4.3) ≤ 9 ( Me G innis
, 2020)

소
paed by using KKM -1hm !

f : a Family of setS in The Marie

• f has Property Tr) ifeveyrmembersoffhasalinetransversd.gl 0$• The line-piercingjoff.is themin.kst.fispiercedbyklin.es .

Pro쁘 : boundtngtheline-pieroingttoffamil.is of 뜨멘간난 wnvexsets.in 1122

with Tr) Property .

- Eckht , 1964 : T4) Property ⇒ live.pierc.mg# ≤ 2.

- E마사
, 1974 : F Family with TS) Property that Cannot De Pierced by to lineS .

-
Warner

,
1975 : T13) Property ⇒ live.piercing.tt ≤5.

- Eckh.lt
,
1993 : 7 ⇒ " ≤ 4.

Conj : " ⇒ " 스30
- MCGinnis-Zerb.to

, 2021 : T3) Property ⇒ line - piercing.tt ≤ 3.



13 TriangleS

I circle

G has T13 ) Property

but has No 2

linespiercingakofthem.EE
ckhofsetample.IE

Let A .B, C bec.pt & Conrad set in R!

We Say AB
,
C form a tigH避 con u HUB) n aw ( BillM con ( AOC) ! ∅

.

O Ois
Log

conv(AUB) :
min .

에아 와

ontainingAUB.lt
. Rmk i If A

, B.C are Pierced by a line
,

then AB
,
C form

atighttriple.ltB
C a!b!C" conv ( AUB) ≥ [ a.b]

다마 ( B ric) ! [ b, ☐
터아아 : Find an anMe

that A B.C form

atightc.com(AOC) ! [ A, c]
Triple, but them is

nothas T13) -Property ⇒ Every Triple in f is a tighttr.ple.
line Mercy an of them



편 ( MCGinnis-Zerb.be 2021 ) - Color웨 version .

t.ie
f,

,.ie!fami1iesofcpt&connectedsetsinR!IfAiEfi,A2Efi2
,

A3 Efi, , ( ! i, < iii,! 6formaighttriphnn_d-iefthenFieftjst.fi
canbepieradby35nes.co/orfu1KkMtheorem__e_For a n-Simple ,

Et F= { A) ! 脯了 be a KKM Cover of

for each je ( nt☐
.

That is
,
야드 U At for 반드대서 ,t.tn#IIEI

⇒ ㅋ permntationaesms.tn ! AT
"

! ∅
I = 1

e.

F2

A를 胎 昭
A ! A'

3 선

( pfofcolorf.nl KKM thm )

肝口 : Using 이에 version of

spemerbiemma.AT
i,



ProAAMchani5타mb대0mmchan.

13 ythecompactnessofsets.ffi.wemayassumef.isKit
,

.

6

By res coli ng
he size of SetS, vecanassumeeveryetvfiiswntainedintheunitdisk.FI

U : The Unit circle In R!

f : Co . ☐ -7 U isaparametrizationofvg.imby At) = ( as (Kit)
,
Sin (25t) )

.

기지가 i. 가) E !
5

yens
6 pts in

Of
a) = f ( 한 갑 ) for (≤ i≤6.

( 가 ! o , 도가 = 1 ) El

of 2세) = f (가1기2)

f, o RE RE ◦
f, (가) = f (가) l.by = 1! (가) = 〔 f, (가) .fm☐

Ri
b 야 15세) = 〔 (a)

, f a]
12!

◦ f. c) = (1.0 ) 13세) = ACID= 〔 f, e)
, f D]

a

IS Ri R!
f.마) Ri i = theinterioroftheregionboundedbyli.be) .li(가)

◦ and The are on U wntnectingfi.GD.fia)
.f.마)

WANT : Using f, . .ie
,wewilldefinekkMcovers.fi!Ai:=4dGE"Ricontainsa set FEIf for If E(6]

CI : AT is an Open set ← exera.se



WANT : 8 A f = E
El

If then is a Point REEl 8 A!
,

then

tjispiercedbyl.CN/bGd,bcx).i=1ThuswecanassumeV6 Af = E for eveyj.EC6]
.

El

If NE DI for IEC에 ]
,

then Ri= ∅ for K4 I C : 옸 (가) = kbc) )

The Aid for K4I
,

and he NE U AF
IEI

⇒ AESA.is 憘弓 is a KKM Cover of E
, 밥E〔6]

By Color웨 KKMthm.FpermutationTES6s.ttAT"! ∅
.

I의

Take xE A AT! Then
,

for each I EC63 Ri contoinsasetEEfe.ci)
,

i = (

false) ft )
0

모진
◦

f. (가)
◦

◦

f, (가)

f,a)
◦

Ri
Ri

Bay o o f. (가) ◦ f C)

! RI
Ri

O
o

o TH)유마) 유 (가) f (가)

↳ { F2
,
辰瓦 3 : not a tighttr.ple. ↳ { E, F3F53 : not a tighttr.ple. 匈


