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Abstract

We present a sufficient condition for the stability property of extremal graph problems
that can be solved via Zykov’s symmetrisation. Our criterion is stated in terms of an analytic
limit version of the problem. We show that, for example, it applies to the inducibility
problem for an arbitrary complete bipartite graph B, which asks for the maximum number
of induced copies of B in an n-vertex graph, and to the inducibility problem for K5 ; 1,; and
K311, the only complete partite graphs on at most five vertices for which the problem was
previously open.

1 Introduction and notation

The notion of symmetrisation in graphs was introduced by Zykov in [36]. In its most basic form,
symmetrisation is the process of considering two non-adjacent vertices x and y in a graph G,
and replacing by a clone of y, i.e. a vertex 3’ whose neighbourhood is the same as that of y.
Zykov used symmetrisation to reprove Turdn’s theorem [34], as follows. Let G be an n-vertex
K, -free graph with the maximum number of edges. Whenever there are non-adjacent vertices
z,y with dg(x) < dg(y), we symmetrise by replacing = by a clone of y. The graph obtained
in this way is still K,-free and has at least as many edges as GG, and one can do this so that
the final graph is complete partite. Standard convexity arguments imply that there are r — 1
parts of equal size, recovering Turan’s theorem. A variation of this approach was employed by
Motzkin and Straus [25] also to reprove Turdn’s theorem.

Suppose one seeks to maximise (or minimise) a graph parameter A such that there is always
a way to symmetrise any given non-adjacent pair in a graph without decreasing A\. Then it
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suffices to only consider ‘totally symmetrised’ (that is, complete partite) graphs to determine
the maximum value of A. Bollobds [3] used symmetrisation to show that the parameter which
counts any linear combination of cliques is symmetrisable, a special case of which provides a
lower bound for the minimal number of cliques in a graph of given order and size.

In this paper, we are interested in more general graph parameters A which do not decrease upon
symmetrisation, in a specific sense we describe below. Like the example above, a symmetrisable
A is maximised (not necessarily uniquely) by a complete partite graph. Our main result gives
a sufficient condition for stability for symmetrisable functions, namely that any graph which
almost maximises A looks very much like a complete partite graph. In fact we prove the
quantitatively sharper property of perfect stability, a strong form of stability which additionally
implies an exact result.

1.1 The statement of the main result

In order to define precisely what we mean by symmetrisable functions and perfect stability,
we need to introduce some notation. We write G = (V, E) for a graph with vertex set V' and
edge set F, and let v(G) := |V|] and e(G) := |E|. Given X C V, we write G[X] := (X, {zy €
E : z,y € X}) for the graph induced by G on X, and G — X := G[V(G) \ X], and also
G —x:=G—{z}. Write Ng(z) :=={y €V : 2y € E}.

Fix a positive integer k > 3. Let G be the family of all finite graphs up to isomorphism and let
Gy, consist of graphs with n vertices. Let P, C G, be the family of complete partite graphs on
n vertices. Suppose we have a function v : G, — R. For a graph G = (V, E) with v(G) > k,

define )
we)=(3) X i) (1)

xe(¥)

where (Z) is the collection of k-element subsets of V. Thus A(G) is the expected value of v(G[X])
where X is a random k-subset of V. We may also work with A(G) := ZXG(V) v(G[X]) =
k

(})A(G), which may be more convenient in some calculations. For a vertex z € V(G), define

AG,z) = AG)-AG-z) = > ~GX)),

n—1

NGy z) = (k_l)_lA(G,x).

Thus A(G,z) is the conditional expectation of y(G[X]) where X is a random k-subset of V
conditioned on containing x.

Let A(n) be the maximum of A(G) over all n-vertex graphs G and define

Amax (= lim A(n).

n—oo

One can easily show that the limit exists. Note that the minimisation problem reduces to a
maximisation one just by negating v, so we will always consider maximising A\ here. We can
now define what it means for A to be symmetrisable.



Definition 1.1 (Symmetrisability) A function A given by (1) is symmetrisable if for every
e > 0 there is ng > 0 such that the following two properties hold for every graph G = (V, E) of
order n = ng:

(Syml) There is a sequence of graphs Go,G1, ...,Gp on V such that Gy = G; Gy, is complete
partite and for every i € [m] we have N(Gi—1) < A(G;) and |E(Gi—1) N E(Gy)| < £(3).

(Sym2) If G — z is complete partite with partite sets Vi, ..., Vi, then there is a sequence of graphs
Go, Gl, ceey Gm on V(G) such that Go = G,’ Gz —Z = G—Z,’ )\(Gi—l) S )\(Gz), ’E(Gz_l) A
E(G;)| < e(n — 1) for all i € [m], and for each j € [t], either Ng,,(2) 2 V; or
Ng,, ()N Vi =@.

Here is an example of a symmetrisable parameter. For graphs F,G with v(F) < v(G), let
P(F,G) be the number of v(F)-subsets of V(G) that induce a subgraph isomorphic to F. Let
p(F,G) = P(F, G)/(ZE%) be the induced density of F'in G. Let A(G) := ), ;) aip(K;, G) for
at,...,ap € R If we let v(F) = Y, ;< aip(K;, F) for F' € Gy, then (1) holds. (Indeed, for
v(G) > k > i, we have p(K;,G) = Z_:F_egk p(K;, F)p(F,G) which implies the statement.) As
mentioned above, Bollobas [3] showed that A(n) is attained on a complete partite graph and
his proof shows that every such A is in fact symmetrisable (for more details and examples, see

Section 6). In Section 1.2 we will see a generalisation of this parameter.

Secondly, we define perfect stability. Given n-vertex graphs G and H, let the edit and normalised
edit distances between graphs of the same order be given by

A~ ~ A~

A(G,H) = UEAIS'IFGI}H) ’E(H) A E(0—<G))‘7 51<G7H) = ﬁAl(Ga H),

where S(G, H) is the set of bijections from V(G) to V(H). (We also write S(X) := S(X, X).)

Definition 1.2 (Perfect stability) A graph parameter \ is perfectly stable if there exists
C > 0 such that for every graph G of order n > C there is a complete partite graph H of order
n such that

~

01(G, H) < C(A(n) = MG)).

We say that a sequence © = (1,22, ...) with xy > 22 > ... > 0and ) -, z; < 1is a mazimiser
if there exists a sequence (Hy), of complete partite graphs such thaz, as n — oo, we have
v(H,) = 00, A(Hy) — Amax and for every ¢ > 1 the number of vertices in the i-th largest part
of Hy, is (z; + o(1))v(H,). Let OPT = OPT()) be the set of maximisers.

In Section 4 we will show that if OPT is a finite set, then there is 8 > 0 such that, for every
x € OPT and every ¢ > 0 the entry z; is either 0 or at least .

Observe that, if A is perfectly stable, then the only graphs on which A is maximised are com-
plete partite. Perfect stability has already been proved in several contexts, most notably in
Turén-type problems; for example by Fiiredi [12], Norin-Yepremyan [26,27], Pikhurko-Sliacan-
Tyros [28] and Roberts-Scott [31].



Definition 1.3 (Realisation G, ) Givenn € N and = (z1,22, ...) with x; > 22> ... >0
and xo == 1— ) ,~,2; > 0, define a complete partite graph G, 5 with vertex set [n], parts

Vi, ..., Vin and a set Vi of universal vertices, i.e., |Vy| singleton parts, as follows. If xg = 0,
take a partition [n] = ViU ... UV, with ||Vi| — xin| < 1 and let Vi) = @. Otherwise, for alli > 1
with xyn > 2, let |V;| = |zin] and let Vi consist of the remaining vertices in [n].

We say that G, 5 is the (n-vertex) realisation of & and has P-structure Vp, ..., Vi,.

If H is a graph obtained by adding a new vertex z to G = G, z, we say that z is a clone of
u € V(G) if u e Vy and Ng(z) = V(G), or if u ¢ Vy and Ng(z) = Ng(u). The following is
one version of our main result, which is also stated as Theorem 3.5, in terms of limits. Roughly
speaking, it states that a symmetrisable function A is perfectly stable if it is ‘strict’, meaning
that it is sensitive to small alterations in a graph.

Theorem 1.4 Let A be a symmetrisable function defined as above. Suppose |OPT| < oc.
Suppose also that there exists ¢ > 0 such that the following hold for all large n and maximisers
x = (1,22, ...) € OPT, where G = Gpq:

(i) For all distinct z,y € V(G) we have \(G) — AM(G @ xy) > en™2, where G ® xy has vertex
set V(G) and edge set E(G) A {{x,y}}.

(ii) If G, is obtained from G by adding a new vertex v which is complete or empty to each
part of G (where each V;, i € [m] is a part and we have |Vy| singleton parts) then the
minimum number of edits at v needed to make v a clone of some existing vertexr of G is

at most n(A(G) — MGy, v))/c.
Then X\ is perfectly stable.

As mentioned, see Theorem 3.5 for the ‘limit version’ of this statement, which concerns

Az) == lim MNGpz).

n—0o0

One can easily show that this limit exists and that it does not depend on the choice of the part
sizes |V;| in Definition 1.3 (only the ratios ;). The conditions in Theorem 1.4 become a series of
inequalities that must be verified for maximisers x, which are a finite collection of polynomial
inequalities if the number of maximisers is finite and x¢ = 0, since, for example, given i, j, the
quantity A(G) — A(G @ zy) is identical for all # € V; and y € Vj. The value of the theorem is
that, given the set of maximisers, the conditions are very easy to check, so in some sense the
‘combinatorial part’ of the problem is solved. It remains to determine the set of maximisers,
amounting to a polynomial optimisation, which is unfortunately difficult in general.

1.2 Applications to inducibility

A large class of problems where symmetrisation was sucessfully applied is the inducibility prob-
lem for complete partite graphs. The inducibility problem for a graph F is to determine



i(Fyn) := max{P(F,G) : v(G) = n}, the maximum number of induced copies of F' that an
order-n graph G can have. Note that p(F,G) = p(F,G), where G denotes the complement of
G, so i(F,n) = i(F,n). Also, consider

i(F) := lim z(FTZn)7
nree (v(F))

the limit is known to exist and is in fact equivalent to the maximum density of induced copies of
F in a graphon W. Brown and Sidorenko [7, Proposition 1] used symmetrisation to prove that
if F'is complete partite, then for every n € N at least one i(F,n)-extremal graph is complete
partite. Schelp and Thomason [32], also via symmetrisation, extended both the result of Brown
and Sidorenko and a result of Bollobds [3] by showing that the same conclusion holds (at least
one graph attaining A(n) is complete partite) if the objective function is A(G) = > p cp-p(F, G),
where each F is complete partite, including K; and K;, and cp is non-negative if F is not a
clique. Their proof (which is essentially the same as that of Bollobas [3]) implies that this
parameter is symmetrisable (see Section 6 for a proof).

Lemma 1.5 [32] The function N(G) := ) pcr - p(F,G) is symmetrisable, where each F' is
complete partite and cgp = 0 if F' is not a clique.

In particular, Theorem 1.4 applies to the inducibility problem for complete partite graphs. To
the best of our knowledge, for every instance of this problem where the set of maximisers is
known, we can prove perfect stability.

Pippenger and Golumbic [30] determined i(K+,n) for all s,¢ with |s — ¢| < 1, observing that
the complete balanced bipartite graph is an extremal graph. Some of these results were in-
dependently reproved in [5]. Brown and Sidorenko [7] showed that (K n) with st > 2 is
attained by a complete bipartite graph, and that if (tgs) < s < t then the unique maximiser is
(%’ %7
and they show that if 3n = 4a® + 4 for a large integer a, then K /2—an/2+q is optimal for K3 1.

0, ...). Perhaps surprisingly this does not mean that K\, /9| /2] is optimal for i( K¢, n),
We prove a corresponding stability result for complete bipartite graphs.

Theorem 1.6 Let s,t € N with st > 2. Then p(Ksy4,-) is perfectly stable, i(Ks;) = (SH)MS,t

S
and there is a unique mazximiser (o,1 — «,0,0,0, ...), where a € [%, 1] mazimises

fsi(@) == a’(1 — ) +al(1 — a)*

and Mg == Max, (1 fsi(x) for s #t, and M, s == %maxxe[%jl] fs,s(x).

Bollobés, Egawa, Harris and Jin [4] studied the inducibility problem for complete equipartite
graphs. They showed that if the size ¢ of each part is not too small compared to the number
r of parts, then the complete balanced r-partite graph T).(n) is the unique extremal graph for
each large n. This strengthened an earlier work of Brown and Sidorenko [7] which showed
that T}.(n) is an asymptotically extremal construction (without proving any uniqueness) — that
is, (%, ey %, 0, ...) with % repeated r times is an element of OPT. We prove a corresponding

stability result.



Theorem 1.7 Let r,t > 2 be integers and let K,(t) denote the complete r-partite graph with
parts of size t. Suppose that t > 1 + logr (denoting the natural logarithm by log). Then
tr)!

p(K,(t),-) is perfectly stable, i(K,(t)) = U and the unique mazimiser is (L. 10, .).

T AR

Interestingly, if the above lower bound on ¢ in terms of r does not hold, then (%, . %, 0,..) ¢
OPT (see [7]).

Finally, we obtain perfect stability for every previously unknown complete partite graph F
on k < 5 vertices. For this, note that trivially Kj and K} have unique maximisers (0, ...),
(1,0, ...) respectively. If F' = K, is bipartite, then Theorem 1.6 implies that the unique
maximiser (a, 1 —a,0, ...) maximises a®(1 — )’ +af(1 —a)®. Solving this, we see that p(Ks4,-)
has unique maximiser (%, %, 0,...) for all s+t < 5 apart from s, = 4,1, and here p(Ky 1, -) has
unique maximiser (%, %,O...). Pikhurko, Sliacan and Tyros [28] showed that K3 is perfectly
stable with unique maximiser (é, ey %,
%, %, %, 0, ...) (we can also recover these results but do not provide proofs here). The
remaining F' are K311 and K1 11. Flag algebra calculations of Even-Zohar and Linial [10]

0,...), and that Ky is perfectly stable with unique
maximiser (

give numerical upper bounds for these i(F'). Also, they provided lower bound constructions;
these appear to match for both K311 and K5 1,1,1. In both cases they suspect that their lower
bound constructions are tight. We confirm this and prove perfect stability for these F'.

Theorem 1.8 p(Ky1,1,1,-) is perfectly stable, i(K211,1) = %, and the unique mazximiser is
1 1

(85550, .0).

Theorem 1.9 p(K311,:) is perfectly stable, i(K311) = %, and the unique mazimiser is
(2,0,...).

The latter is particularly interesting since the extremal graph contains a clique part: it is a
clique with a clique of proportion 3/5 removed. This demonstrates that allowing maximisers &
with 29 =1 —),5; 2; > 0 in our theory — which complicates matters somewhat — is essential
in giving a full picjcure.

We remark that the case A(-) = —p(K3, ) —p(K3, -) (which is not a function as in Lemma 1.5) is
given by a classical theorem of Goodman, who determined this value exactly. Here, asymptot-
ically extremal graphs are those for which all but o(n) vertices have degree § 4 o(n) (including
many graphs which are not complete partite). (Note that p(K3,-) + p(Ks,-) is trivially max-
imised by the complete and empty graphs.) It remains a major open problem to determine
Amax for A(-) = —=p(Ky,-) — p(Kay, -).

Pikhurko, Slia¢an and Tyros [28] were able to prove perfect stability for i(F,n) for several small
graphs F' via flag algebra calculations. The graphs they considered were Cy = K22, K211,
K32, K291, as well as the non-complete partite graphs P35 U K3, the “Y” graph and the paw
graph which we do not define. Their results extend inducibility results obtained in [7], [30], and
by Hirst in [17]. Our Theorem 1.6 in particular reproves the cases K32 and K32 from [28].

Before stating the limit version of our main theorem in Section 3, we give here an illustration of
it in the case F' = Cy4. (Perfect stability was already proved here in [28].) It is easy to see that



11
202
criterion we have to check that, starting with K|, | 1,/2) the following two properties hold: (1)

OPT consists only of the unique vector ( 0, ...) with Apax = %. Thus in order to apply our
if we add an edge into a part or remove an edge across then we decrease the number of induced
Cy’s by 2(n?); (ii) if we add a new vertex v which is either isolated or connected to every other
vertex, the number of induced Cy’s containing v is at most (1 — £2(1)) 2(%). Both properties

trivially hold so the inducibility problem for Cy is indeed perfectly stable by Theorem 1.4.

The following conjecture seems plausible.

Conjecture 1.10 The inducibility problem for F' is perfectly stable for every complete partite
F.

However it is not the case that every problem with A = )" . c¢p-p(F, ) is perfectly stable, where
each F' is complete partite, and cp > 0 if F' is not a clique. Indeed, if k¥ > 3 and the sum is
over all complete partite ' on k vertices, and each cp = 1, then every k-vertex subset of every
complete partite graph contributes (the maximum value of) 1 to A, so OPT is the set of all x
with 1 > 29> ... >0and ), x; < 1. We claim that A is not perfectly stable. Indeed, if it
is, there is C' such that for ever_y graph G of order n > C, there is a complete partite H such
that 6,(G, H) < C(A(n) — A(G)). Choose 1/n < ¢ < 1/C. Starting with K, remove every
edge with both endpoints inside a set A of size 5¢n and add into A a blow-up of C5 with each
part Aq, ..., As of size cn, to obtain an n-vertex graph G. Then 31(G,H) = 2(c?) for every
complete partite H, but A(n) — A(G) = 1—\(G) = O(c?). Indeed, a subset of G is not complete
partite only if it contains at least three vertices in A. So the fraction of subsets inducing a
non-complete partite graph is O(c3). This is a contradiction.

Finally, it would be remiss not to remark on the inducibility problem for non-complete partite
graphs, for which the present paper does not apply, and which is in general wide open (see [10]
for a list of known results of order up to 5). The outstanding open problem in the area
is determining i(Py), the smallest unsolved case, for which there is not even a conjectured
value. Hatami, Hirst and Norin proved that extremal graphs of large blow-ups are essentially
blow-ups themselves [15]. Graphs with more interesting structure appear as extremal graphs
for other F. An important longstanding conjecture of Pippenger and Golumbic [30] is that
i(Cy) = k!/(k* — k) for k > 5, attained by the iterated blow-up of Cj. Balogh, Hu, Lidicky and
Pfender [1] proved this conjecture for k£ = 5: they obtained an exact result for A(-) = p(Cs,-)
and showed that if n is a power of 5 then the unique graph attaining i(C5,n) is an iterated
blow-up of a 5-cycle. There has recently been progress on the general conjecture [16,21]. In
fact, Yuster [35] and independently Fox, Huang and Lee [11] proved that for almost all graphs
F', the extremal graph is the iterated blow-up of F.

The directed analogue of the inducibility problem is also actively studied, e.g. for stars [19,20],
paths [9] and 4-vertex graphs [6,8,18].

1.3 Structure of the paper

The rest of the paper is organised as follows. In Section 2 we introduce the partite limit space
corresponding to the collection of limits of complete partite graphs which we will need to prove



our main result. In Section 3 we define the notion of strictness in terms of elements of this
space and give a limit version of our main result, Theorem 3.5. The main result of Section 4 is
that when OPT is finite, all part ratios of extremal graphs are bounded away from 0. We prove
Theorem 3.5 in Section 5. We present some applications of Theorem 3.5 to the inducibility
problem (Theorems 1.6-1.9) in Section 6. Section 7 contains some concluding remarks.

2 The partite limit space

We will work in a space P, the partite limit space, which is in some sense the completion of
the set of complete partite graphs. The aim of this section is to define P and a metric deqi; on
this set, which will essentially generalise edit distance in graphs. We prove that this yields a
compact metric space upon which A can be extended continuously (Lemma 2.6). Thus the set
OPT of maximisers of A in P is non-empty. We define

P:=<Kx=(r1,22,...): 1 > T3 > ... >0 and sz <1
i>1

As usual, supp(x) := {i > 1: z; > 0}, and we also define supp*(x) := supp(x) U {0} if 29 > 0,
and supp*(z) := supp(x) otherwise. For 8 > 0 we write Pg := {x € P :a; > Vi €
supp*(z)}. Write 0 := (0,0, ...). Given z,z, € P, we will always write £ = (21,79, ...) and
Tn = (Tn1,%n2,...) and correspondingly zg := 1 — > .o @; and 0 (= 1 — > .o Zni A
complete partite graph G = K(V4, ..., Vi) on vertex set [n] with [Vi| > ... > |V;,| corresponds
to the vector

26 = ([Vil/n, oo, [Vinl /.0, ..).

We write P for the set of those elements & of P with finitely many non-zero rational entries,
thus corresponding to the set of complete partite graphs. Somewhat conversely, we have the
construction Gy, o from Definition 1.3. For example, we have G, o = Ky, G, 10,..) = K,
and (assuming n = 2{ is even) Gm(%,%,o,---) = Kyy, but we cannot take, say, any K, for

Gn,(:p,lf:):,[),‘..)‘

2.1 The measure-theoretic and graphon perspectives

For each & € P, one can define a probability measure p, on Ny := {0,1,2,...} by setting
pe({i}) = z; and then let
M:i={pz:xeP}.

It is very natural to define the corresponding collection of “complete partite” graphons (which
will be used in Section 4). A graphon is a quadruple Q = ({2, B, u, W), where (£2,8,p) is a
standard probability space and W : 2 x 2 — [0,1] is a symmetric measurable function. For
every graph G, we define the corresponding graphon Qg = (V, 2", 1, Ag) where p is the uniform
measure on the finite set V and Ag : V x V — {0, 1} is the adjacency function of G. For a



graph F' on [k] we write

k!
Q)= i 1]

Wana) [] Q- Wi z))du(er)... dule)
ijEE(F)

ijEE(F)

where aut(F') is the group of automorphisms of F. In the literature one usually encounters
tina (F, Q) which is the above without the normalisation factor. Two graphons @, Q" are equiv-
alent or weakly isomorphic if p(F,Q) = p(F,Q’) for every graph F. A sequence of graphons
(Qn :n € N) is said to converge to a graphon @Q if lim, . p(F, Qy) = p(F, Q) for every graph
F. A Q-random graph of order k is obtained by sampling k random points v, ..., v € (£2, u)
uniformly and independently, and adding each edge x;x; with probability W (z;, z;).

Now let Qg := (No, 20, p1g, K) where K(i,5) := 0if i = j > 1 and K (i, j) := 1 otherwise, i.e.
if i £ j or i = j = 0. Then define

Q::{Qw:wef}.

There are various characterisations of weak isomorphism (see [24, Theorem 13.10]). All we will
need is the fact that for distinct &,y € P, their graphons @, Qy are not weakly isomorphic.
Indeed, if ¢ > 1 is the minimum integer with x; # y;, say z; > y;, then it is not hard to see
directly that the edgeless graph of sufficiently large order n has strictly larger density in & than
in y.

The spaces P, M and Q are equivalent and one can take any of these perspectives, but in
this paper we mainly work with P (and briefly use Q in Section 4). The space Q was used
in [2] by Bennett, Dudek, Lidi¢ky and Pikhurko who determined the minimum Cjs-density in
graphs of edge density k—;l for integers k. They used Q to prove a corresponding stability result.
Therefore we hope that the theory concerning P (and, by extension, M and Q) developed in
this section may be useful for other extremal problems where the extremal graphs are complete
partite.

2.2 The edit metric

We would like to define a metric on P which will correspond to the edit distance between graphs.
First we define edit distance between two graphs of possibly different orders, often called the
fractional edit distance. Given a graph G, let G™ be an n-vertex almost uniform blow-up of G,
that is, we replace each vertex € V(G) by an independent set I, where each ||| — |I,|| <1,
and 3, cy () [Lo| = n, and add every edge between I, and I, whenever zy € E(G). Then let

Seait (G, H) := lim 0,(G™, H™).

n—oo

It is easy to see that the limit exists; in fact, its value can be computed via a linear program
with v(G) x v(H) variables that considers all fractional overlays between the vertex sets of G
and H, c.f. e.g. [29, Equation (3)]. We define the distance between x,y € P to be

5edit(ma y) = nh—>n<;lo 31 (Gn,wa Gn,y)-



For a graph G, define also deqit(x, G) := limy, o0 51(Gn’w, G(")). Note that the normalisation n%
in the ‘usual’ edit distance &, is motivated by vertices of G corresponding to independent sets
of relative size % The distances 51 and deqi; are not the same even for graphs of the same order,
due to rounding; see examples of Matsliah (see Appendix B in [14]) and Pikhurko [29]. The
following lemma implies that we are free to interchange deqi and 51 in matters of convergence,
and that with respect to deqit we are free to interchange H and @y when H is complete partite.

Lemma 2.1 We have the following.

(i) Seait (G, H) < Sl(G, H) < 30eqit (G, H) for graphs G, H with the same order.

(ii) eqit(H, ) = 0 and beqit(x, H) = deqit(x, Tr) and deqit(G, H) = beait(Ta, zm) for all
x € P and complete partite graphs G, H.

(iii) deqit satisfies the triangle inequality on P.

Proof. The non-trivial inequality of part (i) was proved in [29, Lemma 14]. For (ii), let H have
h vertices. Then @y = g and Gup ey = (Ghzy)™ = H™) for any integer n. Since any
subsequence of (51 (H(m), Gm;cH)) converges to degit (H, zp), we have

m

Sedit (H, ) = lim 01 (H™ Gppoyy) = lim & (H™M, HW) = 0.

n—oo n—oo
The remaining parts of (i) now follow from (iii) which is immediate since §; satisfies the triangle

inequality on the set of graphs of the same given order. 1

This notion of edit distance is very natural, yet rather unwieldly to work with. The following
easy facts concerning it will be useful. Recall first that zo is not an entry in * = (x1, o9, ...),

so e.g. x| = Zizl |zi] =1 — xp.
Proposition 2.2 For all x,y € P, we have that

(i) deait(x,y) < 2|z —y1.
(i) Seait(,0) = ||x|]3.

(iti) edit(, (z1, .., xar, 0, ...)) < Syu py a7 for all M > 1.

Proof. For (i), consider large n € N and Gy, 4, Gpy with P-structures Vo, Vi, ..., V;, and
Uy, Uy, ..., Uy respectively, where without loss of generality £ < m. For convenience let Uy =
... =Uy =0. Let 0 € S([n]) be a permutation (and recall that V(G ) = V(G y) = [n]). For
all 0 <i,j <m,let X;; =o(V;) NU;. A pair of vertices is counted by the symmetric difference
E(Gnz) A E(0(Gpy)) if and only if either it lies in V; but not in Xj;; for any j, or lies in Uj
but not in X;; for any ¢. Thus

B(Cra) AE(0(Grg)) = 3 (l‘gl) B <|X;j|> 'y <|U2j|> -y <|X;j!> @

i€[¢] jE€[m] jE€[m] i€[()
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Take o € S([n]) so that for all i > 0, o(V;) C U; whenever |V;| < |U;|, and o(V}) D U; whenever
\Uj| < |Vj| (and o is otherwise arbitrary). If |Uy| < |Vj| then | Xyx| = |Ux| and | X;;| = 0 for all
1 # k and thus

(9)-5,0%)-(4)-5(9)-(5)- 5. (%)

J€[m] J€[m] J€[m]
A | Xk | 1 2 2
< — < — ‘/ l] l] .

Then

. 1 .
A1(GresGn) < 3 (I = 100 |+ minO] A1} ) <0 3 (111 103+ e+ o(0)
kem] ke[m]

< n®||lz — ylli + O(n).

S0 edit(, y) < 2||x — y||1, as required.

Parts (ii) and (iii) are clear. 1

Note however that convergence in ¢ does not give the same topology as pointwise convergence,
by considering for each n € N the sequence x,, given by x,; = 1/n for all ¢ € [n] and z,; =0
otherwise. We have that ||@,||; = 1 for all n, while x,, clearly converges pointwise to 0 and by
Proposition 2.2(ii), we see that deqit (€, 0) = % — 0 asm — co. On the other hand, convergence
in deqit is equivalent to pointwise convergence, as we show in the next lemma.

Proposition 2.3 In the space P, convergence in edit distance is equivalent to pointwise conver-
gence. That is, whenever (), is a sequence in P and © € P, we have that lim,, o0 Seqit (T, T) =
0 if and only if for all i € N we have that lim,_,« |,; — x;| = 0.

Proof. Let (x,), be a sequence in P and let € P. Fix an arbitrary € > 0.

Suppose first that &, — x pointwise. We need to show that deqit(x,, ) < € for sufficiently
large n. Since Zi>1 r; <1land 1 > z9 > ... > 0, there exists an integer M > 0 such that
Yoism Ti < €/8, in_particular, xy < €/8. As x, — @ pointwise, there exists ng such that, for
all i < M and for all integers n > ng, we have that |z — xi| < e/(8M). In particular, since
Zp,; is non-increasing with j, we have for all integers n > ng and j > M that z,, ; < /4. Let
y = (21,...,20m,0,...) and, for each n € N, define y,, :== (zpn 1, ..., Tnm, 0, ...). Let n > ng be
an integer. Then by Proposition 2.2(i), dedit(x,y) < 2|l —yll1 =2 ,o 5, i < §. Similarly by
Proposition 2.2(ii) and (iii),

I3
Oedit (Tns Yn) < Oedit ((Tn,M+1, Tn M42, ---),0) = Z 963” < sup Ty - Z T < Ty 41 < T

i>M >M i>M

But:zlso Oedit (Y, Yn) < 2/ly —ynllt = 2>, pr |20 — 23| < §. By Lemma 2.1(iii), deqir defined
on P satisfies the triangle inequality. Thus we have deqit(€n, ) < € whenever n > ng. Thus
x, — x in edit distance, as required.

11



Conversely, suppose now that (x,,), converges to x in edit distance Jeqis. Let ¢ > 1. We need
to show that there exists ng > 0 such that for all n > ng we have |z,; — z;| < e. Now, there
exists ng > 0 such that for all n > ng, there is a permutation o : [n] — [n] such that

Al(Gn,mnv Gn,m) = ’E(Gn,mn) A E(U(Gn,mm < (5n/12)2.

Let n > ng. For A C [n], denote by o(A) and 0~ !(A) the image and pre-image of A respectively.
By definition G, 4, has a vertex partition V;, o UV, 1 U ... UV, ,, where Vo is a clique, V,,; is
an independent set for all i € [m], and G, &, is complete between every distinct V;,; and V;, ;.
Define Vo U V1 U ... UV, analogously for Gy, . So

\Vnil = zpin+O(1) and |Vi|=xm+0O(1) foralli>0. (3)

Choose an ordering of the vertices of G, 4, so that a vertex u € V;,; comes before a vertex
veV,;if1<i<jorifi#0andj=0. Choose an analogous ordering for V(G ). Note
the following trivial equality:

lo(V;) A Vil = [V; Ao (V)| forall  d,5 € Ny. (4)

We first show that for each vertex part V;,; which is not too small, there is a unique part Vj,
such that ¢ maps most of V,,; to Vj,. Given i € {0,1, ..., m} and j € {0,1, ..., ¢}, we say that ¢
is j-good if |o(V}) AV, i| < en/4.

Claim 2.4 Let A := {i € [m] : |V,,s| > en/2}. Then there exists B C [{] with |A| = |B| and a
bijection p: A — B such that, for every i € A, we have that i is j-good if and only if j = u(i).

Proof of Claim. Let ¢ € A. Note first that 4 is not 0-good. Indeed, this follows from
A Vo) N Vs
(en/12)? > A1(Gropr Gr) > (’“( 0)2 ’ ’).

So > ien lo(Vi) N Vil = [Vail — |o(Vo) N Vii| > en/4. Suppose now that ¢ is not j-good for
any j € [¢]. Then since G, »[V;] and Gy, z, [Vn,i] are empty graphs, and both G, » and G, 4,
are complete partite graphs,

|E(Gpa,) NE(o 2> o (Vi) AVl - lo(Vi) N Vil = en/4a- ) o (Vy) NVl > (en/4)?,
JeEN jEN

a contradiction. Thus there is some j; € N for which ¢ is j;-good. We claim that we can set
w(i) :=j; and B := {u(i) : i € A}. We first show that this is well-defined, i.e. j; is unique. Fix
an arbitrary j' € [] \ {j;}. Since o is a permutation, o(Vj) No(V},) = &, and therefore

o (Vi) A Vail 2 |0 (Vi) 0 Vil = Vil = [0(V,) & Vil > en/4,

i.e. i is not j'-good. It remains to show that p is injective, i.e. that if i’ € A\{i}, we have that i is
not ji-good. By (4), it suffices to show that |V}, Ac™1(V,, )| > en/4. Since o~ is a permutation,
o (Vi) No~ (V1) = @, and therefore |V, Ao (V,,)| = |V;,No™ 1 (V,:)| > en/4 as desired,
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where the last inequality follows from ¢ being j;-good and (4). This completes the proof of the
claim. 1

We are now ready to prove the desired conclusion that for all i € N, |z, ; —x;| < . Suppose this
is not true, and let k£ be the smallest integer i such that |z, ; —z;| > ¢. Assume that x, ; > z,+e¢
(the other case can be handled similarly). In particular, recalling (3), |V, x| > en/2, and so
[k] € A. Since 1 > x3 > ... and zp1 > Tpo > ..., we have for all 1 < i < k < ¢ that,
neglecting O(1/n) error terms, Tn; = Tpp > T +€ = xy + €, so [V ;| > |Vie| +en/2. Thus,
for all positive integers i < k, we must have p(i) < k. In other words, u([k]) C [k — 1], which
contradicts p being a bijection. This completes the proof of the lemma. 1

Remark 2.5 Lemma 3.8 in [2] proves that if @, € P are such that x,, — & pointwise, then
the corresponding graphons @4, converge to Q; that is, all the p(F, Q,, ) converge to p(F, Qg).

Lemma 2.6 The space P and distance Seqir have the following properties.

(i) The space (P,dcqit) is a compact metric space.
(ii) The set of complete partite graphs P is dense in (P, Sedit)-

(iii) The function A can be extended to a continuous function on the whole of P, namely by
defining

AMz) = h_)m MNGrnz), forxeP.

Proof. We begin with (i). From the definitions it is clear that degit(@,y) = deqit(y, ) for all
x,y € P. By Lemma 2.1(iii), deqi; defined on P satisfies the triangle inequality. Finally, by
definition, deqit(,y) = 0 if and only if £ = y. So (P, Seqit) is a metric space. To show that it is
compact, Proposition 2.3 implies that it suffices to show that P is compact under the topology
of pointwise convergence. For this, let (x,), be an infinite sequence of elements of P. Then we
can define its accumulation point y iteratively as follows. Initially let ¢ = 0. By passing to a
subsequence of (x,),, we may assume that (z,;11), converges to some y;11 € R. If y;41 =0,
then stop and output y := (y1, ...,%:,0,0, ...). Otherwise, increase ¢ by one and continue. If
the iteration does not terminate, output y := (y1, %2, ... ). One can easily see that y is indeed
an accumulation point of (x,),, completing the proof of (i). Alternatively, the compactness of
P follows from observing that P is a closed subset of the compact space [0, 1]Y.

Part (ii) immediately follows since for every & € P, the sequence (G, ), of complete partite
graphs converges in edit distance to . Indeed, for each n € N we have that ¢, , € P, and the
definitions imply that x¢, , converges pointwise to x. By Proposition 2.3, it also converges in
edit distance.

It remains to prove (iii). Recall that we fixed a function v : Gy — R and for all n € N and
G € Gy, we defined A(G) as in (1). Let ymax := max{|y(F)|: F € G} (which exists since the
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domain of ~ is finite for fixed k). Let n € N, let G € G,, and let zy be a pair in V(G). Then

(2:3) ) 2'7max _ 2(];)%11&)(

(%) (5)

—1
MG) - MGy < () Y. hGX]) —y(Gay)X])] <
k
XE(V(ICG)):

z,yeX

Therefore, using the triangle inequality, we have for any G, H € G,, that
k A k
|A(G> _A(H)| S 2 2 ’Ymax'(sl(Gu H)+O(1/n) S 6 2 Vmax'éedit(Ga H)+O(1/n), (5)

where the final inequality follows from Lemma 2.1(i). Thus |AN(Gpa) — A(Gry)| < G(S)Vmax .
Sedit (Gn,zs Gny) + O(1/n), and by (i) we have that the function A : P — R given by \(z) :=
limy,—y00 A(Gn o) is well-defined for all & € P and is continuous with respect to Jeqit. I

Part (iii) of Lemma 2.6 implies that Apax = limy, 00 A(n) defined in the introduction can
equivalently be defined as A\pax := max{\(x) : ¢ € P}. Moreover, for every = (x1, 2, ...) €
P, we have that A\(x) has the following analytic formula. Let wy, ...,wy be independent samples
from (2, which is the probability space on Ny := {0, 1,2, ...} where the probability of i is ;.
Let the random sample G(x, k) be equal to

(S (Y )

which is the complete graph on [k] except we do not connect two distinct indices j,h € [k]
if wj = wp # 0. One can show using the Chernoff bound and the Borel-Cantelli lemma that
(G(x,n)), converges to & in P with probability 1 (see e.g. the more general Proposition 11.32
in [24]). Clearly we have that

We let OPT consist of all maximisers « € P, that is,
OPT = OPT(\) :={zx € P: Ax) > A\(y) forally e P} ={x € P: A(T) = Amax} # 9.

The non-emptiness assertion follows from Lemma 2.6(i) and (iii). Let us see why the forward
inclusion of the third equality is true. For each n € N, since A is symmetrisable, there is a
complete partite graph F,, on n vertices such that A(F,,) = A(n). Let y, := xp,. For any
x € P, we have A\(Gp o) < AN(F,,) = A(n). By passing to a subsequence we may assume that
Yn, = Y. Then A(x) < A(y) = lim;_00 A(Ri) = Amax. But if € € OPT we have also A(x) > A(y)
$0 A(Z) = Amax-

This definition of OPT is equivalent to the one in the introduction. Indeed, let @ = (a1, ag, ...) €
P be such that there exists a sequence (H,,), of complete partite graphs such that, as n — oo,
we have v(Hy) — 00, A(Hy) — Amax and for every ¢ > 1 the number of vertices in the i-th
largest part of Hy, is (a; + o(1))v(H,). Then A(a) = limy—00 A(Hp) = Amax, as required. On
the other hand, let € P be such that A(x) = Amax. Then (G, z)n is the required sequence of
graphs.
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2.3 Polynomials

We will be interested in various functions on P, in particular the extension of A from the family
of complete partite graphs to P. For these we introduce a notion of polynomial on P which will
help us prove that functions related to A are continuous.

Let X(d) := {(d1, ...,dt) € Nt : t € Ng and dy + ... +d¢ = d} be the set of ordered tuples of
positive integers summing to d. Let Sz(x) := 1 and for ¢t € N and d := (dy, ..., d;) € X(d),
define an elementary symmetric polynomial Sq : {x € RY : ||z||; < oo} — R by

Sa(x) = Su,...a,(@) = > [ (6)

distinct__j=1
i1,...,0tEN

d
Since Sq(x) < <Zi21 :cl> <1, each Sq(x) converges absolutely.

We say that a function p : P — R is a P-polynomial if it can be written as a finite polynomial
of Si(z) := Sa(z!)’s for I C N, where ! € P is obtained from = by removing every x; with
i € I (and moving back remaining entries to fill in the ‘gaps’), or equivalently, modifying (6),
Sk sums only over indices not in I. So, for example, for i € N, z; = Sj(z) — S1(z{?) and
r1 + 3425 +27... = S1(2>N) are P-polynomials, while z1 + 225 + 323 + ... is not. Given any
P-polynomial p, there is a finite partition N = I;U... UT, such that p(z1,z2,...) = p(y1, y2, ...)
where y is any element of P obtained from x by permuting indices within each part I;, and
rearranging so that y; > yo > .... Indeed, one can obtain Iy, ..., I; by grouping together indices
that belong to exactly the same I’s in the definition of p. Note that 2o = Sz (x) — Si(x).

Consider #(Sq(x') — Sq(x)) where, for all i > 1 we have z} = x;, except ], = @y, + h for some
m > 1, and let h — 0. Apply the binomial expansion to each (z,, +h)%. As all series converge
absolutely, we can change the order of summation and collect the same powers of h. We obtain

t

Sa(x') — Sa(x) _ 9 d;

_ distinct j=1
i1,... 0t EN

where § is an error term satisfying |§| < h-2%. So we can define partial derivatives % for

i = 1,2,... via term-by-term differentiation. Also, if p = s(Sq : d € N=F) where s is a

finite polynomial, then define %:) = — 822). Thus we can define partial derivatives of any

P-polynomial, and each such derivative is itself a P-polynomial. For a complete partite graph
G on n vertices with parts Vi, ..., V,, of size > 2 and clique part V}, define for I C N

Sé(c:)::(dz)-l(?;)_l Py lqu'o )Z’ b 111< L1+ o0 )) |

i1, €m\T i1, 50 €[m\T

(7)
and let Sq(G) := S5(G). So S4(G) = Sq(G") where G' := G — Uieminr Vi

Lemma 2.7 Let d be an integer and let d € X(d). Then
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(i) Sq is uniformly continuous on (P, Seqit)-
(ii) Each P-polynomial is uniformly continuous on (P, Sedit)-

(iii) For all x € P we have Sg(x) = limy, 00 Sa(Gna)-

Proof. We start with (i). By Proposition 2.3, convergence in edit distance and pointwise
convergence induce the same topology on P. By Lemma 2.6(i), P is compact. Therefore it
suffices to show that each Sq is continuous under pointwise convergence, which is e.g. given by
the metric d(z,y) = .~ 27%|z;—y;|. For this, fix d = (dy, ..., d;) let e > 0 and let § = 9—8de™"
Let ¢,y € P satisfy d(z,y) < 6. Choose M = [logy 6~ /2] (so 1/M < &/(4d)) and let
' = (r1,...,20,0,...) and ' = (y1, ..., yn, 0, ...). Then d(z,z') =>,0 2 iy, < 27 M < \/5.
So d(x',y') < 3v/5. Moreover,

Sa(@) = Sa(@) = Y D 2l Sy @D) < tarrr <d/M <e/4,
1<s<ti>M

where d®) = (dy, ..., ds_1,dey1, ..., dy) and 9 = (x1, ..., 2i_1,2i11, ...). Similarly Sg(y) —
Sa(y’') < e/4. Now, Sq(2’) is a polynomial in at most M variables. For each 1 <i < M + 1,
let z; == (1, ..., Tim1, Vi, Yit1s ---»YM, 0, ... ). Then

M

|Sa(@") = Sa(y')| = |Sa(z1) — Sa(zar+1)| < |Sal(zit1) = Sa(z)|-
=1

Now .
Sa(zit1) — Sa(zi) = > (@8 — y)S g (21) = pilws) — pi(ys)

1<s<t

where we view p; as a polynomial in one variable. Thus p; is Lipschitz with constant max. ¢ 1) |p;(2)| <
di+ ... +dy =d. So |pi(x;) — pi(yi)| < d|z; —y;|. Thus

M
|Sq(x) — Sa(y)| <e/2+ dz 2 —yi| <e/2+d2Md(x,y) < e/24+ V6 < 2¢/3,
i=1

completing the proof of (i).

Now (ii) follows immediately since every Sg is bounded, and sums and products of bounded
uniformly continuous functions are uniformly continuous.

For (iii), fix * € P. In Gy, 4, writing V;" for the ith part, we have each (|V*| + O(1))/n — z;
as n — 00, S0 as Sq is continuous we have Sg(Gp o) — Sa(x). |

3 Strictness and a restatement of the main result
In this section, we will finally define what it means for A\ to be ‘strict’. Very roughly speaking,

it means that when an elementary change is made to a complete partite graph on which A
is maximised, the decrease in A is as much as it possibly could be. An ‘elementary change’
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is either ‘flipping a pair’ (changing a non-edge to an edge or vice versa); or adding a vertex
which is either adjacent to every vertex in a part, or to no vertex in a part. It seems that it is
more convenient to state this property in terms of limits rather than graphs (which is why the
definition is deferred until now). We will first make the relevant definition and then discuss it
further.

3.1 Definitions and notation
Definition 3.1 (V;% A and Vaa)\) Given an n-vertex graph G = (V,E) and a pair z,y of
vertices of G, define

VEAG) = 5 (A(G) — AG & xy).

;)
()
Given € P and i1,iz € supp*(x), define

Ve AMa) = lim V°°

1112 nosoo | V102

MGra),

where v, va are distinct vertices of the vertex classes Vi, and V;, of Gy, o respectively.

For all 1 € Ny, we define e; to be the function e; : N — {0,1} with e;(j) = 0 if and only if
j=1(soe=1). Letb:N — {0,1} and o € [0,1]. We write G 4y u for the graph obtained
from G with partition Vi, V1, ..., Vi, by adding a new vertex u and, fori > 1, adding every edge

between w and V; if b(i) = 1, and no edges otherwise; and adding |a|Vy|| edges between u and
Vo. Define

b
(621

where u ¢ V(G), and let

Vi AG) = (MG Fer 1 u,u) = AG +pau,u)) = (A(G +er1 1) = A(G +pa u))

1
(5"1)

Vi (@) := li_>m Vi aMGna) and Az, (b)) == lim NGz +pa u,u).

n—oo

By convention take o = 1 if 9 = 0 (when Vy = @).

Given ko € Ny and a tuple k = (kq, ..., k) of positive integers, define the graph G’,zo as follows.
Let G’,zo be the complete partite graph with ¢ parts Uy, ...,U; of size ki, ..., k: respectively,

together with an additional kg singletons w1, ..., x,, whose union is denoted by Up.

Each limit in Definition 3.1 exists and each A\, V% A, Vi A, A(,, (b, a)) is a P-polynomial.
Indeed, since each Gy, 5 is a complete partite graph (with parts Vi, V", ...), the quantities
MGna); Vi, AN(Gne) and Vi (A(Gp ) are finite polynomials in variables [V and SL(G)

V1v2

for d € ¥(d) with d < k and I C N. Indeed, for A we need only I = @; for V3? A we could
take only I = @, {v1}, {ve} and their unions and complements, and for Vi I =2, supp(b)
Trin

and their complements. Thus, by Lemma 2.7, V% X and Vp A are P-polynomials.

In fact, one can explicitly write these polynomials. For positive integers b; > ... > b, with
ip =1 <43 < ... <ig <r+1=:ig such that b; = by if and only if there is j € [¢]
such that i1 < i,i’ < ij, we define sym(by, ..., b,) := ((i1 — i0)!... (ig+1 — i¢))) "' Also, write
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(thf. 7ts) = tl(t1!...ts1)7 when Y7 ,t; = t. Consider p(Ka,, .. a,,), Which is one instance of
A, where aq, ...,ay are in non-increasing order, and let ¢ € [(] be the largest integer such that

ai, ...,ar > 2. Then we have the following analytic formula:

k s
p(Kal,...,apm) :p(Kal,“.,agan) = <a1 aé)sym(al, ...,ag) Z xg - Sal,...,al,s(m)- (8)

0<s<t—t

The next proposition gives that for all z € OPT, Vg ;A(x) = 0 for all i € supp*(x), which
corresponds to saying that every vertex in the realisation of an optimal & contributes optimally
to A. Thus

ViaN@) = Ax) — Az, (b,)) for all (b, ) and @ € OPT.
Proposition 3.2 Define k and X as in (1). The following hold for all € P.

(i) For alli € supp*(z) we have } - agg(ﬁf) = ANz, (e, 1)).

(it) If in addition & € OPT, then for all i € supp*(x) we have 7 - 839(;3) = A(x).

(11i) The following pairs differ by O(1/n) as n — 00: {Amax; A(n)}, {AN@®),\(Grnz)} and
{MGrz,u), Amax}, the last pair for x € OPT and u € V(Gpz)-

Proof. The equality in (i) can be checked directly. For (ii), the theory of Lagrange multipliers
implies that, for all 4, j € supp*(x), we have ag‘g(cf) = aé\g). Indeed, if we fix the rest of @ apart
from z;, z;, fix s = x;+; and vary x;, x;, then we can view A as a polynomial in z;, z; (of degree

at most k). Introducing a new variable 1, the Lagrangian is L(x;, z;, ) = AMx) — p(zi+ 2, — ).

The stationary points of £ occur when (%, %, g—ﬁ) = (0,0,0), i.e. when 83:(;6) —p= %’\—y) — I,
7 J 3 J

as required. Since ) is a homogeneous P-polynomial of degree k, that is, a finite polynomial of
Sa(x?)’s, we have for all i € supp*(x) that

oAz Oz

giving the required. Part (iii) follows from the fact that each named function on P is a P-
polynomial, a finite polynomial of Sq(G} ,) terms, so the error bound comes from (7) when
applied to, respectively, an extremal n-vertex complete partite graph and Gy, . I

Corollary 3.3 For every ¢ > 0 there exists § > 0 such for all ,y € P with deqis(x,y) < 3, we
have

‘)\(:lt) - )‘(y)’7 ’vz,a(m) - v;,a(y”? ’)\(.’E, (b7 CM)) - )‘(ya (b’ a))‘ <e€

for allb: N — {0,1} and 0 < a <1, and
Vi A®) = ViiAMy)| < e

1112 1192

for all iy1,is € supp*(x) Nsupp*(y).
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Proof. We have seen that each function A, V3% A,V (A, A(-, (b, @)) is a P-polynomial with de-
gree at most k and with coefficients whose absolute values are bounded. Thus Lemma 2.7 implies
that the family of A, V2% A, V5o, A(+, (b, ) over all 41,19, b, a is uniformly equicontinuous, as
required. 1

The following crucial definition of the strictness property of a function A requires that both
Ve, A and Vi (A are bounded from below whenever (b, ) is not close to some (e;, 1). Roughly
speaking, this means that )\ is sensitive to small alterations in a graph.

Definition 3.4 (Strictness) We say that A is strict (with constant ¢) if there is ¢ = ¢(\) > 0
such that for each x € OPT, we have

(Strl) V2% A(x) = ¢ for all iy,is € supp*(x).
(Str2) VI;"J‘)‘(@') 2 ¢((1 = a)zo + mijequppr () wi), where wi = Ninobii + 2 jcquppe @)\ {0, (1 —
bj Zj.

In the next two subsections, we will motivate these definitions, which appear somewhat com-
plicated at first sight.

3.1.1 V° A: flipping a pair of vertices

Take a complete partite graph G of large order n such that A(G) & A\pax and let G' = G & xy

be obtained by flipping the adjacency of an arbitrary pair xy € (‘2/) Then the number of

vertex subsets of size k which contain both x and y is (Z:;), so in the worst case, v decreases
-2

by a constant for all such subsets, and thus A decreases by 2((;"5)/(})) = 2(1/n*). Prop-

erty (Strl) says that this worst-case behaviour is realised for every ‘wrong’ pair xy.

Observe that

Vi AN®) = By, .. om0y [ (G298 90) — (G120 @ {1, 2}))],
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that is, we look at the conditional expectation of the change in A if we flip the pair {1,2} in a
random sample G(z, k) conditioned on w; = i; and wy = ia.

3.1.2 V; _A: adding a new vertex

Again consider a complete partite graph G of large order n such that A(G) &~ Apax and obtain
a graph G’ from G by adding a new vertex u which, for each part of G, either connects to all or
none of its vertices (here we are thinking of Vj, if it exists, as consisting of |Vp| singleton parts).
If the attachment of u mirrors an existing vertex, then its contribution to A is approximately
Amax (and G’ is the same as G in the limit). But, if not, as u lies in (,",) subsets, in the
worst case, A decreases by Q((kﬁl)/(”zl)) = (2(1/n). Property (Str2) says that this worst-case
behaviour is realised for every v with ‘wrong’ attachment.

19



Suppose that Gy, , has P-structure Vp, V4, <y Vin(ny- Then, for 0 < i < m(n), let W; be the
minimum number of edits needed to move the vertex u in Gy, z +p,o u into the i-th part. So each
W; being large corresponds to u being attached in an atypical manner, and some W; small means
that u behaves like an existing vertex. It is not hard to show that lim,,—,oo W;/n = w;+(1—a)xo,
and of course if b = ¢; then w; = 0 (since no edits are needed to move u to the i-th part, except
to connect u to Vp). So (Str2) requires that, whenever n is large, the contribution to A lost by a
vertex u in G, g +p,q © is a significant fraction of the number of edits needed to fit v into G, 4.

Observe that (using Proposition 3.2 and the remark immediately before it)
ViaM@) = Eu, gm0 [V(GRD )] = Buoy, gy~ V(G 40 w)],

where G “*7' 44 , u is the random graph obtained by adding u to G(z,k — 1) with ui an
edge when w; # 0 if and only if b(w;) = 1, and wi an edge when w; = 0 with probability .

3.2 Main result

We are now ready to precisely state the ‘limit version’ of our main result.

Theorem 3.5 Let k be a positive integer and let v : G — R. Define A : G — R by setting

ANG) = (Z)_l ZXE(V) Y(G[X]) for all G € G, and n € N, and let A\(n) := maxgeg, MG).
k

Suppose that X is symmetrisable and |OPT(\)| < oo. Then A has perfect stability if it is strict.

The following corollary states that strict symmetrisable functions exhibit classical stability, in
the sense that any sufficiently large graph which is sufficiently close to being optimal can be
edited by changing an arbitrarily small fraction of its adjacencies to obtain a complete partite

graph with the correct part sizes.

Corollary 3.6 Define k and X as in (1) and suppose that they satisfy the assumptions in
Theorem 8.5, and suppose further that A is strict. Then for all € > 0 there exist , ng > 0 such
that for every G of order n > ng for which A(G) > Amax — 0, there is € € OPT(\) for which
5edit(G7 w) <e.

Proof. Let ¢ = ¢(\) > 0 be such that A is strict with parameter ¢. Apply Theorem 3.5 to
obtain C such that A is perfectly stable with constant C'. Suppose that the statement does not
hold. Then there is a sequence of counterexamples (G,,), with v, := v(G,) — oo such that
AMGhp) > Amax — 1/n but deqit (G, x) > € for all z € OPT. By taking a subsequence if necessary,
we may assume that v, > n and n is sufficiently large. By Theorem 3.5, there is some H,, € P,,
for which

~

01(Gn, Hp)/C < XMvp) — AMGr) < AMvn) — Amax + 1/ <O /v,) +1/n < O(1/n)

where we used Proposition 3.2(iii). But then by (5),

ANH,) > MGp) —2 <’;) Yanax01 (G, Hp) + O(1/1) > Amax — O(1/n) <1 +2C <’;>> .
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So, writing x,, := xp, , and taking a subsequence if necessary, we see that x,, = € OPT. But
then, when n is sufficiently large, using Lemma 2.1,

5edit(Gn7 LL') < 5edit(Gnv Hn) + 6edit(mn7 ZI)) < 51(G’I’La Hn) + 5edit(mnv 33) <g,

a contradiction. §

4 Finitely many maximisers
Lemma 4.1 If |OPT| < oo then there is 3 > 0 such that OPT C Pg.

The rest of the section is dedicated to proving Lemma 4.1. Our proof is an adaptation of
the proof of Glebov, Grzesik, Klimosovd and Kral’ [13] who, in particular, worked on the finite
forcibility of graphons which are a countable union of cliques. Recall notions related to graphons
in Section 2.1. A graphon Q is finitely forcible if there are finitely many graphs F, ..., Fy such
that for all @', if p(F;, Q) = p(F;, Q') for all 4, then @) and Q' are weakly isomorphic.

First, we need the following result which is Lemma 11 in [13] (except it is obtained by comple-
menting all graphs and using our language of partite limits).

Lemma 4.2 If OPT = {x} consists of a single element x then there is ¢y (in fact, we can
take by = k where k is in the definition of \) such that, for any y € P with yo = zo, if
p(Ki, @) = p(Ki,y) for every 2 <i < o then y = x.

Proof. Our x corresponds to a graphon Q. The fact that x is the unique element of OPT is
equivalent to saying that the equations p(P3, Q) = 0 (the induced density of triples spanning
exactly one edge) and A(Q) = Amax force @ to be Q4 up to weak isomorphism in the space of
graphons. In particular, @ is finitely forcible. The constraint p(Ps, Q) = 0 forces Q € Q (that
is, to be a complete partite graphon) and thus automatically forces p(F, Q) = 0 for every graph
F which is not complete partite so we can ignore all such induced densities.

Thus the equation A(Q) = Amax can be viewed as involving only induced densities of complete
partite graphs on at most k vertices. We claim that it can be equivalently rewritten as some
polynomial in o and induced densities of independent sets of size at most k. Then, supposing
that the claim is true, if Qy € Q has yo = zo and the same induced densities of Ko, ..., K as
@z, then Qy and Q4 are weakly isomorphic and thus y = x.

It remains to prove the claim. For this, it suffices to prove that for any complete partite graph
F = K, .. a4, with vertex set [k] and with ¢ parts, for all z € P, we have that p(F, Q) is
some polynomial of 79 and p(Ks,Qg), ..., p(Kg, Qz). The claim is clear for £ = 1 so assume
2 < ¢ < k. Assume that aq, ...,ay are in non-increasing order, and let ¢ € [¢] be the largest
integer such that aq, ...,a; > 2. Recall the analytic formula (8) for p(F, Q). We have

Sm,...,az(m) = Szn (m)Saz,...,ae(m) - Sa1+a2,a37--- :aé(m) B Sa27a1+a3»~~~vaf($) o
e T Saz,..-,a£—17al+a£<w) (9)
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and for every a > 2 we have p(K,,Qz) = Sa(x). The claim now follows by induction on /.
Indeed, every Sq, .. a, .(x) can be expressed as a polynomial of S,(x) for 2 < a < k, by (9)
and induction, as required. 1

We need the following easy generalisation of Lemma 4.2.

Lemma 4.3 If OPT is finite then there is by such that, for every x € OPT and every y € P
with yo = xo, if © and y have the same induced density of K; for every 1 <i < £y then y = x.

Proof. For every pair z, 2" € OPT there is some graph F such that p(F, z) # p(F, 2’). Indeed,
since z # z, their graphons @), @),/ are not weakly isomorphic and thus have a different induced
density of some graph F. Of course, this F' has to be complete partite (otherwise its induced
density in both z and 2’ is zero). Let Fy, ..., F};, be all such graphs F' where m < ('OST‘). Let
o := k + 2max;c [y v(F;). Now let © and y be as in the lemma.

Consider the new optimisation problem where we maximise

N (z) )= > (p(F, p(Fi,x))2.

=1

Again, as in the proof of Lemma 4.2, \' can be written as a polynomial of zy and induced
densities of anticliques on at most k + 2 max;cy, v(F;) vertices. Also, clearly, « is the unique
element of OPT(X'). Apply Lemma 4.2 to OPT(\N) = {x}. 1

Proof of Lemma 4.1. Let £y be as in Lemma 4.3. It is enough to show that, for every @ € OPT,
there are at most m := ¢y distinct non-zero values among 1, 2, ... (then since |OPT| < oo the
lemma trivially follows).

Suppose on the contrary that z;,, ..., z;,,,, are all positive and distinct for some 1 <1y < ... <
im+1. Without loss of generality, assume that these are the smallest such indices we could have
chosen. Consider unknown variables y;,, ..., ¥i,,,, and set y; := x; for every other ¢ > 1. We get
a contradiction to our choice of £y if we show that there is a choice of y;,, ..., ¥;,,,, such that
m—+1 m—+1
Zyzdj = Za:fj, for every d =1, ..., m, (10)
j=1 j=1

but the reordering y’ of y (so that yj > y5 > ... and y{, = yo) is not equal to x. (Indeed, then
y' € P by the case d = 1 of (10) and it satisfies p(Ky4,y') = p(Kg, ) for every d = 2, ..., £y by
the corresponding case of (10).)

The map g : R™ x R — R™ which sends (z1, ..., zm+1) to (Z;ntl zd)d | satisfies that the Ja-
cobian of g(-,x;,,,,) : R™ — R™, which sends z € R™ to g(z, %, ), has non-zero determinant

at zo := (2, ..., xi,,). Indeed, the (s,t)-entry of the Jacobian at (z1, ...,2p) is sz; Lso if we
divide its s-th row by s we obtain the Vandermonde matrix of 21, ..., zp,, so its determinant is

m! T < screm(2s — 2t) which is non-zero at z = 2.
~ ~

Thus the Jacobian of g(-,;,,,,) is invertible. By the Implicit Function Theorem, for every
choice of y;, ., sufficiently close to x;, ., there is a continuous choice of (y;,, ..., ¥;,,) close to
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(z,, ..., x;,,) satisfying (10). Then, choosing such a y;,, ., with y; ., slightly larger than z;, . ,,
but still smaller than z;,,, the reordering ¢’ of y has its ip41-th entry y;, ., # ;,,,. Thus
y' # x, giving the desired contradiction. I

5 The proof of Theorem 3.5

In the first part of the proof, we find a suitable ‘hypothetical counterexample’ H on h vertices
(Claim 5.2). This means that H is very close to being optimal (A(H) is almost as large as
A(h)), but it is comparatively far from being complete partite (though it is important that H
is not too far from being complete partite, and also that H is very large). Using (Syml), given
a candidate for H which has too many imperfections, we can incrementally symmetrise it until
this is no longer the case, and without decreasing .

In the second part of the proof (Claim 5.3), we use the strictness of A to obtain a contradiction.
We compare H with the graph H’ obtained by removing all imperfections (roughly speaking H’
is the closest complete partite graph to H). The ratios of part sizes of H' are necessarily close
to some & € OPT. The contradiction will come from the fact that A(H') — \(H) is too large
(which implies that H is actually far from optimal). We would like to argue that \(H) — A\(H’)
can be approximated looking at each wrong pair e € W := E(H) A E(H') separately and
summing its contribution to the function. This is not true if e is incident to many other wrong
pairs, so instead we consider two families of wrong pairs: those incident to vertices in B, which
are those with high degree in W, and the collection E’ of remaining wrong pairs. The fact
that each e € E’ has a large contribution to A(H) — A(H') will follow from (Strl): namely that
Vs, A(x) is large, where i1, g are the indices of the parts where e lies. The fact that the edges
incident to each v € B have a large contribution to A\(H) — A(H) is slightly more involved. For
this we use (Sym2) to symmetrise the neighbourhood of v, and, depending on the attachment
of v in the resulting graph, the required conclusion will follow from (Strl) (if it is ‘canonical’)
and (Str2) (otherwise).

The following lemma will be useful when comparing A\ evaluated on a complete partite graph
with A evaluated on the same graph with a few imperfections.

Lemma 5.1 Let ¢ > 0 and let v : Gy — R be fized. Let H, H' be graphs on h vertices where
h is large and H' € P has P-structure Vo, Vi, ..., Vip. Write T := E(H) A E(H') and given
x € V(H'), write p(z) for the index of the part of H' containing x. Define

o = K>|T|c/h?, &1 = 29maxk|TI?/hY, & 1= 2ymaxk®|T|A(T) /B2,
Then N(H") — \(H) is
(1) >&/2 =& =& if Vit M@mr) = ¢ for all zy € T';
(i) > &/2 — & if V;Zx)p(y))\(wm) >c forallzy € T and T is a star;

(i) < &+ &1+ & if Ve

x)p(y))\(acH/) <c foralzyeT.
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Proof. Write S 1= A(H') — A(H) = (") 5 xe(v) DH'IX]) = A(H[X])] and
B\ L
si=(3) XX b)) - @mplx))

zyET XG(Z){%Z/}QX

h—2 &
- (]E;)Q) > VilopwMH) = Ei; > (Vi A@) +o(1)).
k zyeT 2) wyer

Then (Z)|S = S1| < X xer, 2Ymax where I := {X € (‘,2) TN ()2()| > 2}. The number of X
that contain two disjoint pairs from 7" is at most |T'|? - (Z:i). The number of X containing two

adjacent pairs from T is at most |T'| - A(T) - (Z:g) So

L] _TPGEY) +ITIAM () (TP ([TIAD)R
(x) (+) oo e

All three parts follow immediately, noting for (ii) that when 7" is a star it has no disjoint pairs. 1

We now have all the tools in place to prove our main theorem.

Proof of Theorem 3.5 Let A be a symmetrisable graph parameter as in (1). Note that A is not
identically 0 (otherwise OPT is infinite). Lemma 4.1 implies that there exists § > 0 such that
OPT C Pg. So |supp(z)| < 1/8 for all z € OPT.

Suppose that A is strict with parameter ¢ > 0. Without loss of generality we may assume that
¢ € B,1/Ymax, 1/k. We want to show that there exists a constant C' > 0 such that for every
graph G on at least 1/C vertices, there exists a complete partite graph H on the same vertex
set such that 61(G, H) < C(A(v(G)) — A(G)). Suppose that this is false. That is, there exists a
sequence of counterexamples (Gy,), with v, := v(Gy) — oo, such that

1> dy = 61(Gn, Py,) > n(Avy) — AM(Gy)),  so (11)

M) = A(Gr) > Aon) — % (12)
and thus A(Gy) — A(vy).

Using the graphs G,,, we now find a large graph H which is almost optimal and has a small but
comparatively large number of imperfections.

Claim 5.2 For all ¢ > 0, there exists € > 0 such that the following holds. For all N > 0,
there exist © € OPT and a graph H on vertex set [h] such that h > N, deqit(H,x) < 2¢ and
AH) > A(h) —1/N. Further, eqit(H,Pp) > min{e’, N(A(h) — A\(H))}.

Proof. We consider two cases depending on whether (d,,),, contains a subsequence converging
to 0. If it does not, then our counterexamples are eventually always far from being complete
partite. In this case we perform an additional step of symmetrising each G,, to obtain a graph
which has a controlled number of imperfections; this number will be a small fraction of v2. In
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the other case, the counterexamples are becoming gradually more like complete partite graphs
so the number of imperfections could be subquadratic (in vy,).

Case 1: (d,), does not contain a subsequence converging to 0.

In this case, there exists £ > 0 such that d,, > £ for all sufficiently large n. Since we are free to
make £ and ¢ smaller we may assume without loss of generality that £ = €. Further, we may
assume that d,, > ¢ for all n € N.

Let V,, := V(G,,). Property (Syml) (applied with parameter ¢) implies that there exists ng =
no(e) such that for each n > ng, we can find a sequence Gn0,Gn1; -, Gpm(n) of graphs on
Vi such that Gnpo = Gn; G, := Gy ) is complete partite; for all i € [m(n)], we have
A(Gn,i—l) < )\(Gnﬂ) and 6edit(Gn,i—1aGn,i) < 51(Gn,i—1’Gn,i) < €. By (12), we have for all
0 < i <m(n) that AM(vp) > A(Gri) > MGp) > A(v,) — 1/n.

Let y, := xg, . By choosing a convergent subsequence since (P, Seait) is compact, we may
assume that y, converges to some y € P. But A(yn) — Amax, 50 y € OPT by the continuity
of A\. By definition, 5edit(Gn,070PT) > 6edit(Gn,07Pvn) =d, > ¢ and 5edit(Gn,m(n)aOPT) —
Jedit (y, OPT) = 0. Let t be the largest element of [m(n)] such that degit(Gpt, OPT) > ¢, and
let J,, := Gy . By increasing ng, we can assume that ¢ < m(n). Then

Jedit (Jns OPT) < beqit (Gt Gjt41) + Sedit (Gnye+1, OPT) < 2¢.

That is, deqit(Jn, OPT) € [g,2¢]. Let x, € OPT be such that deqit(Jn, n) = edit(Jn, OPT).
We claim that there exists ¢’ > 0 for which py, := deqit(Jn, Py, ) = € for all sufficiently large n.

Indeed, if the claim is not true, then by passing to a subsequence we may assume that p,, — 0.
For each n, pick a complete partite graph P, on wv, vertices with deqit(Jn, Pn) = pn. Let
z, = xp, € P be the sequence that encodes the part ratios of P,,. We can pass to a subsequence
of n such that z, converges to some z € P; then A\(2) = lim, o0 A(Py) = Amax. Thus z € OPT.
However, by Lemma 2.1,

e < 5edit(Jna OPT) < 5edit(<]na z) < 5edit(<]na Pn) + 6edit(zn7 Z) < Dn + 0(1) — 07

a contradiction. This proves the existence of ¢/, and given N > 0 we take h > max{ng, N}

Now choose n sufficiently large so that v, > N, dedit(Jn, Tn) € [g,2¢], A(Jpn) > A(vn) — 1/n and
dedit (Jn, Pu,) > €. Let © := @, H := J, and h := v,,. The claim is proved in this case.

Case 2: (d,), contains a subsequence (d,,); such that d,, — 0 as i — oo.

Assume without loss of generality that (d,), — 0. Therefore, there exists a sequence (&),
with @, € P such that deqit(Gp, ) — 0. By choosing a convergent subsequence of ()., we
may assume that the sequence itself converges to some € P. Then for sufficiently large n,
Oedit (G, ) < Oedit (G, ©n) + Oedit (Tn, ) — 0. Then the continuity of A with respect to Jeqit
and (12) imply that € OPT. We can choose n sufficiently large so that, by (11), H := G,
satisfies all the required properties in Claim 5.2 (where, for concreteness, we let ¢/ :=1). 1

Choose an additional constant 0 < < ¢. Obtain € > 0 by applying Corollary 3.3 with 72, 6
playing the roles of €, § respectively. We may assume that ¢ < n. Claim 5.2 furnishes us with
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an ¢’ > 0 which we may assume satisfies ¢’ < . Now choose N € N such that 1/N <« &’. We
have the following hierarchy:

0<1/N<é <e<n<c<B1/Ymax, 1/k. (13)

Apply Claim 5.2 to yield an & € OPT and a graph H on h > N vertices. Let us list some
properties of @ (which will be all we need from now on):

bj)xj, for all b: N — {0,1} and « € [0,1].

(P5) Whenever y € P satisfies deqit(x, y) < 6¢ and supp*(y) = supp*(x) =: S, we have that
|f(x)—f(y)| < n?foralliy,ia € S,b:N— {0,1}, a € [0,1] and f € {\, V% X\, A(, (b)), batt-

1112

(P6) eait(x, H) < 2e.

Properties (P1) and (P2) follow immediately from |[OPT| < oo and Lemma 4.1. Proper-
ties (P3) and (P4) follow since A is strict with parameter c¢. Property (P5) follows from our
choice of € and the fact from Corollary 3.3 that this family of functions is uniformly equicon-
tinuous. Property (P6) is a direct consequence of the claim.

Let H be the family of h-vertex graphs with P-structure (V; : i € supp*(x)), that is, Vg (if
it exists) is a clique, V; is a non-empty independent set for all i € [m] = supp*(x) \ {0} and
(Vi, V}) is complete for every distinct 7, j € supp*(x).

Among all graphs in H, let H' be one whose edit distance deqir to H is minimised, with P-
structure (V; : i € supp*(x)) as above, where V(H') = [h] = |J{V; : ¢ € supp*(x)}. Define
W := ([h], E(H) A E(H')), and call the edges of W wrong. By the definition of H’, (P6) and
Lemma 2.1, we have that deqit(H, H') < deqit(H, ) + O(1/h) < 3e. Consequently e(W) =
A(H, H') < 3h2/2 - 6qi(H, H') < 5eh?. Let v be the vector of part ratios in H', i.e. v := xp.
Then
(P6)

Oedit (v, @) = Sedit(H', @) < Geit (H, H') + deais (H, ®) < 5e. (14)
Note that, by (P2), this implies v; = |Vi|/h > ¢/2 for all i € [m]. Call a vertex = bad if it
is incident to at least nh wrong pairs, i.e. dy(x) > nh. Let B consist of all bad vertices and
B¢ = [h] \ B of all good (i.e. not bad) vertices. Let also E' := E(W|[B¢]) and ¢’ := |E’|. By
definition of B and that ¢ < n, we have

2e(W) _ 2

e <e(W)<eh® and |B|< o < o h < V/eh. (15)

For a vertex v of H' let H' @ v denote the graph obtained from H’ by removing every edge
containing v and then for all y € [h] \ {v} adding the edge vy if and only if y € Ny (v). The
heart of the proof is the following claim.
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Claim 5.3 The following statements hold.
(i) Geqic(H', H) < 2 <@ n %)

.. ke 3/2
(ii) For everyv € B, N\(H') — \(H' ®v) > =

(iii) NH') — \(H) > 12 (L’,f' + ,T>

We first see how this claim completes the proof of Theorem 3.5. We have by Claim 5.2 that

i) (1B ¢\ O p? 2
W) = A 2 M) =) 2 o () B b ) = b .P)

v

1

N
2

> % min{e’, N(\(h) — \(H))}. (16)

If &/ < N(A(h) — A(H)), then considering the first and last terms of (16) gives 1/N > n?¢'/2, a
contradiction to our choice of N (i.e. (13)). If instead ¢’ > N(A(h) — A\(H)), then considering
the second and last terms of (16) gives 1 > n?N/2, also a contradiction to our choice of N.
Thus Theorem 3.5 holds given Claim 5.3.

Proof of Claim 5.3. For (i), we see that

Seepdw(v)+¢ _ 2B 2

S(H' H) < 5(H', H) < < -
5edt( s ) 51( ) ) h2/2 h h2

For (ii), fix an arbitrary v € B, and let p(v) € supp*(z) be such that v € Vj,(,,). Let H consist of
all graphs G on [h] = V(H') with G —v = H' — v and for each i € [m], either Ng(v) 2 V; \ {v}
or Ng(v) N (V;\ {v}) = @ (and with arbitrary attachment to Vp). That is, either v is adjacent
to every vertex or no vertices in each part Vi, ..., V,,. For brevity, let H, := H' & v.

Apply (Sym2) with parameter € to H}, at v to obtain a sequence of graphs H =: Hy, Hy, ..., H, €
H, such that H; —v = H] — v for all i € [r]; A(H;—1) < A\(H;); and Al(Hi_l, H;) <e(h—1) for
all ¢ € [r].

By the definition of H, there are b : [m] — {0,1} and 0 < « < 1 such that b(i) = 1 if
Nig, (v) 2 Vi \ {v} and b(i) = 0 if Niz, (v) N (Vi \ {v}) = @; and du, (v, Vi) = [l Vi) (if Vo = 2
we let o :=1). We consider two cases depending on (b, @): in Case 1 the attachment of v in H,

is very different to any vertex in H' — v, and in Case 2 it is similar.

Case 1: At least one of the following holds: (a) z9 > 0 and o < 1 —1/2; (b) [b=1(0)] > 2; (c)
9 =0 and b=1(0) = @.

We will first show that

| =

(AH') = A(H,)) = Vi @) — 3. (17)

—_~ &

(In fact this is true for any (b, ).) For this, let y be the vector of part ratios of H. —v =
H' — v, e ys = [Vil/(h = 1) if i € {0, .., m} \ {p(v)} and gp) = (Vpiuy| = 1)/(h — 1). Then
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Now Gedit (€, Y), Oeqit (€, v) < be. So we have

(P5)
>

)‘(07 (ep(v)a 1)) - )‘(ya (b7 a)) )\(CC, (ep(v)7 1)) - /\(.’E, (bv a)) - 2772 = Vz,a)\(f'?) - 27727

where the final equality follows from Proposition 3.2(i). This proves (17). Now,

a7 k
AMH') = MH @ v) 2 MH') = A(Hy) =+ (Vi M@) = 30°)

so to complete the proof of the claim, it suffices to show that Vi A(z) > en’l? 2.

We will use the lower bound on Vi | A(z) given by (P4), and that z; > 8 > c for all i € supp*(x)
from (P2). Suppose first that (a) holds. Since each term in the expression for w; is non-negative,
we have for all i € supp™(z) = {0, ..., m} that Vj A(x) > (1 — a)zg > cBn/2 > en/?/2, as
required. Suppose secondly that (b) holds. Then for every ¢ € [m], either b; = 1 or b; = 0 for
some j € [m]\ {i}. So w; > mincpy,y z; > B for all 0 <4 < m, as required. Finally, if (c) holds,
x0=0,b=(1,1,...), supp*(x) = [m] and w; = z; > § for all i € [m], as required.

Case 2: Either (a) 2o = 0 and [b=1(0)| =1, or (b) 2o > 0, @ > 1 —n/2, and |[b~1(0)] < 1.

Notice that Cases 1 and 2 are the only possible outcomes (recalling that if o = 0, then o = 1).
For all 0 <7 < r, let
di = min A1<Hi, (HI — U) +e]-,1 U),

Jje€supp* (x)
i.e. the smallest number of edits needed to move v into some part in H;. Now, dy = dw (v) > nh.
On the other hand, d, is comparatively small: if (a) holds, then d, = 0, and if (b) holds, then
d, <nh/2. So we can choose the largest integer 0 < ¢t < r such that d; > nh, and let H* := H;
and d* := d;. Let j* € supp* () be such that d* = Ay(Hy, H) where H := (H' —v) +e .1 V. SO
AH*) > M(H' ® v) and additionally

nh < d* < Ay(Hy, Hyy1) + dipy < e(h—1) +nh < 2nh.

So one must make between nh and 2nh edits to H* to move v to the j*-th part, and the
(complete partite) graph obtained in this way is H. Since Seqit(H, H') - h?/2 < Al(H, H') <h,
we have by (14) that deqit (% 5, ) < deqit (H, H') + deais(H', ) < 5 4-2/h < 6e. Now, (P5) and
<P3~) imply that every V;zx)p(y))\(a:ﬁ) > V;Zr)p(y))\(a:) —n% > ¢/2. Lemma 5.1(ii) implies that
AH) — MH*) > k2d*c/2h% — 27mack®(d*)2 /3. So

MH') = MH' @& v) > MH) — A(H*) + O(1/h) > k*n*/¢/3h,
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as required for (ii).

For (iii), our task is to obtain a suitable lower bound on T := A(H') — A(H). Notice that the
only k-sets X contributing to 7' are those containing some e € W. Let

Ty = ,cpMH) = XNH ®v)) and T':=\H')—-NH AE).

In a similar fashion to part (ii), we will first give lower bounds for Ty, T” respectively, and
then show that T is well-approximated by Ty + T”. First consider Tp. By Claim 5.3(ii), we
have Ty > |B|kn3/?c/3h. Now consider T’. Again V;Zx)p(y))\(mH/) > ¢/2 for all zy € E', so
Lemma 5.1 and (15) imply that

k2ce!
4h2

T > kz2e'/h2 (c/2 — 2Vmaxk’e — 2Ymaxkn) >
For the final step, note that (Z) T —Ty—T'| < > Xel, 2Vmax, Where

Igz{XG <V> | XNB|>2or |XﬂB|,e(W[X\B})21}.

k
But 2 (h—2 h—3
1, Bl (7% + |Ble'(7—3) 15) |B
% < 1BI* (55) h’ e’ (4 3) < ‘h’ (2K2E + 5K%¢) < 13T, (18)
(&) (&)
Thus
2 (18) |B|lkn®/%c  k2ce! |B] €
T>T T/ _ max I > Th/92 T/ > 2 (1= .
> 1g+ (Z) |O| - 0/ + - 6h 4h2 = h +h2 ’

as desired. |

This completes the proof of Claim 5.3 and hence Theorem 3.5.

6 Applications to inducibility

First we prove Lemma 1.5 which is essentially Theorem 1 in [32].

Proof of Lemma 1.5 In fact, we can require that |E(G;_1) A E(G;)| is at most n — 1 (resp. at
most 1) in (Syml) (resp. (Sym2)) for every graph G of every order n > k.

Let us show (Syml). Initially, let H := G and let V = {V1, ..., V,,} be the partition of V(H)
into singletons. At each stage, every part of V will consist of twin vertices, i.e. vertices with
identical neighbourhoods (in particular every part is an independent set). We will modify the
current graph H and the current partition ¥V = {Vi, ..., V5} so that at each step A does not
decrease while the affected edges are incident to a single vertex.

If for each 1 < i < j < s, H[V;,V}] is complete bipartite, then H is a complete partite graph
so we stop. Otherwise, pick i < j, € V; and y € V; such that zy ¢ E. Let X = Ng(z) and
Y = Ng(y). Fix a complete partite graph F', note that every A C V with G[A] = F is one of
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the following four kinds: (1) z € A,y ¢ A; (2)x ¢ A,y A; (3)x € A,y € A;and (4) z ¢ A,
y ¢ A. We can thus write

p(F,G) = fr(X) + fr(Y) + gr(X NY,V\ (X UY))+Cp

for some constant Cr > 0 and functions fr and gp. Here fp(X) (resp. fr(Y)) counts the
number of copies of F' of type (1) (resp. type (2)) as this depends only on X (resp. Y). For
disjoint U, W, we define gr (U, W) to be the number of copies of any graph J with V(J) C UUW
such that by adding two new vertices z, 2’ and adding edges {uz,uz’ : u € U} we obtain a copy
of F. Observe that if {z, y} UV (J) induces a copy of F'in G, then z and y are in the same partite
set, UCXNY and WN(XUY)=@. Thus gr(X NY,V \ (X UY)) counts type (3) copies.
The type (4) count is a constant depending only on G — x — y. Then, letting f = > pcp - fr
and defining g, C similarly, we have

MG =fX)+fY)+g9g(XNnY,V\(XUY))+C. (19)
Notice that g(-,-) is non-decreasing in both arguments, that is,
gUW)<gU W), YUCU ,WCW. (20)

Indeed, if F is a clique, then no copy of F' contains both x and y, and cp > 0 otherwise.

Suppose that f(X) > f(Y), let G4, be the graph obtained from G by making y a clone of z.
Let G' = G4y and let V' be obtained from V by moving y to the part containing x. It satisfies
all the claimed properties as

A(Gay) = 2/(X) 4+ 9(XVAX) +C 27 F(X) + 1Y) 4 9(XNY.V\ (XUY)) 4 C = AG).

Finally, it remains to argue that one can avoid infinite cycles. The rule for breaking ties f(X) =
f(Y) with e.g. |Vi| = |Vj| is to take G’ = Ggy. This strictly increases Y.\, |[V|* € [n,n?] so
that are at most n3 steps where \ stays constant. (In fact, one can bound the total number of
stepsby 1 +2+ ... +n—1= (g) if there are currently ¢ > 2 groups and we merge one group
entirely into another, then we can do this by moving at most n — i 4+ 1 vertices.)

Let us show (Sym2). Given G and z as in the property, we have a partition consisting of all
partite sets in G — z and z will always stay a single part. Given any partite set V; of G — z,
we can partition vertices V; = V/ U V/ depending on their adjacency to z, say V/ C N(z).
Start with this initial partition into V;’s and V;”’s. Fix arbitrary vertices € V/,y € V/, note
that (19) and (20) still hold. If f(X) > f(Y), take G' = Guy. If f(X) < f(Y), take G' = Gyq.
The rule for breaking ties is again to clone the vertex from the larger part: if f(X) = f(Y) and,
say, |V/| > |V/], take G' = G4,. Otherwise, take G’ = Gy,. Note that G’ differs from G only
in one pair. As before, A has not decreased. Then redefine V;/, V/” and repeat the process. The
final graph has N(z) C V; or N(z)NV; = @&. (Note that each tie f(X) = f(Y) strictly increases
\V/|> + |V/"|? so as before there are at most n® steps where \ stays constant, so there are no
infinite cycles.) Repeating this for all i, we make at most n steps in total, and the resulting
graph is as desired. 1
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6.1 Proofs of Theorems 1.6-1.9

Since by Lemma 1.5, p(F,-) is symmetrisable whenever F' is complete partite, to prove The-
orems 1.6-1.9 it suffices to determine OPT (if it is not already known), and then check that
p(F,-) is strict. The result then follows from Theorem 3.5.

In all cases, OPT consists of a single point, and checking strictness is generally straightforward
(it is slightly more involved for F' = K ;). However, determining OPT where it is not already
known, for F' = Ky 11,1 and F' = K31 1, is challenging and we are required to solve a polynomial
optimisation problem. We use computer-assisted semidefinite programming to solve the last
problem.

Proof of Theorem 1.6. Assume s < t. First we collect some facts about the function f;
defined in [0, 1] given by fs(a) = @®(1 — a)' + a!(1 — @), recalling that for s < ¢, fs¢(a) =
(t?)_lp(K&t, (a,1 = ,0,...)) for a € [3,1], and fs s can similarly be expressed with a factor
of % on the right-hand side:

L1]is 3

(i) If s > (*}°) then the unique maximum of fy; in [1, 5

(i) If s < (*3°), then 1, has a single root in (0, 3), which corresponds to a maximum and 3

is a root corresponding to a minimum.

(iii) If o maximises f1, then 1 —a > H%

t
(iv) maxqeqy(t +1)af(1—a) = <t+L1> , attained uniquely at t%

For (i) and (i), note that fs, is symmetric about a = §. Following [7, Theorem 3],

l1—a

fé,t(a) =al(1—a)* < ) where h(x) = sz! =5 — 2! 4tz — s.

Assume first that s > (*,°). Setting z = 1 + ¢ for € > 0, one can show that h(z) > 0, so fs, is
non-decreasing in [0, %], and thus the unique maximum of f,; in [0,1] is at %, as required for
(). (In the calculation in [7, Theorem 3|, it is shown that h(z) > 0, but there is equality in the
first inequality only if t —s = 1, but in this case the final inequality is strict.) Note that [7] uses
(t,s+t) and (a,b) instead of our (s,t). Assume secondly that s < (t?). Following the remarks
after [7, Theorem 5], it suffices to show that h has a single root in (0,1). This is a consequence

of h(0) <0, h(1) =0, A'(1) < 0 and h"(z) < 0 for all 2 € (0, 1), as required for (ii).

Next we show that (iii) holds. If t = 2,3 (i.e. 1 > (tgl)), then (i) implies that 1 — a = 3, as
required. If ¢ > 4, then by (ii), fi, has a unique root (i.e. 1 — a) in (0, %), corresponding to
a maximum and 3 is a root corresponding to a minimum. Thus fii(x) >0forz € (0,1 —a)
and fi,(z) <0 for r € (1 - q, 1). One can check that f’(t%) > 0, which gives 1 — a > 154%1
This proves (iii). Property (iv) can be easily checked via differentiation: indeed, %at(l —a) =

a1t — (t + 1)a) is strictly positive for 0 < a <
t
t+1°

equals 0 at o = and is strictly

_t _t
t+1° t+1°

negative for a >

Now we show that OPT = {(a,1 —,0, ...)} with o > % (where f; () is uniquely maximised).
This was essentially proved by Brown and Sidorenko [7]. They do not prove the uniqueness of
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the optimal element but this can be extracted from their proof, so we only give a sketch of how
to do this here.

First we claim that if G is a complete multipartite graph on n vertices whose two largest parts
of sizes n,, ny_1 satisfy n,,n,_1 = 2(n) and n —n, — n,_1 = 2(n), then by merging parts, we
increase the induced K, ;-density by 2(n***). This then implies that any € OPT has either
one non-zero entry, or two non-zero entries which sum to 1. Indeed, to see the claim, fix € > 0
and suppose G' = Ky, n,.... n, Withr > 3 and n; <ng < ... < n, with >
Zz‘e[r—2} n; > en, and G' = Ky 4no,...
two smallest parts in any complete multipartite graph does not decrease the number of induced

ie[r] i = T Mr—1 > en,

It is shown in [7, Proposition 2] that merging the

o

copies of K, ;. Thus in G we can successively merge two smallest parts until we obtain a graph
G" with exactly three parts, of sizes m; < mo < mg with my > en. Then

WV
VS
§
+
§
~——

(T)%ml*”)(’f) ( ) -0)(7)
() - () -())-())

(m1+m2)t_m1 m2 m1 +m2 (m1 +mg)® —mi — m;_mi)_i_o(ms-l-t—l)

= ms(
> my(tmimb Tt +tmi T mg — mi) + O(mA ) > (8 — 1)eSTIms T 2.

Thus, if s > 2, then every & € OPT has exactly two non-zero entries which sum to 1, as required.
We want to show this also holds for s = 1. For this, we only need to show that there is no
0 < z <1 for which = (z,0, ...) is optimal. Indeed, A(z) = p(K14,z) = (t + 1)z*(1 — 2)" <

t t
(745) by (V). But MK, (s b, 0,0)) = (4 D fually) =2 () » so @ & OPT.

We have shown that every element of OPT is of the form («,1 — ,0, ...) for some « € [%, 1].
By (i) and (ii), fs; has a unique maximum in [3,1]. Thus OPT contains a unique element
x = (o, 3,0, ...) (where from now on we write 5 := 1 — «). It remains to show that there is

¢ = ¢(A\) > 0 such that (Strl) and (Str2) hold, where A(-) := p(K¢, ).

Let G := Gy . First we check (Strl). A non-edge between two partite sets is not contained
in any induced copy of K¢, nor is an edge within a partite set. So V32 A(G) is the number of
copies of F' in G containing the pair zy divided by (
least 3°Tt=2 4+ 0(1) as n — oo.

ot 2) Rather roughly, this is always at

Now we check (Str2). We have z9p = 0 and supp*(x) = {1,2}. Since zp = 0, given any
(b(1),b(2)) =: (b1, ba) € {0,1}2, we are required to show that

V;,IA(w) = )\( ) — lim )\(Gnm +pu ’U,) > cmm{bla + (1 — bQ)ﬂ b3 + (1 — bl) }

n—oo
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Recall that as usual the right-hand side equals 0 if (b1, b2) € {(0,1),(1,0)}, so the inequality
is trivially true. If (b1,b2) = (0,0), then u lies in no copies of K¢ in Gy, 5 +p u; similarly if
(bl,bg) = (1, 1) and s > 2. So we may assume that (b1,b2,s) = (1,1,1), and we need to show

A(®) > ¢f (recalling o > ). We have

Mz) = (t+ 1) (B +a'B), Mz, (b1)) =o' + A

Recall that 8:9\3(5) 2\(x) for i = 1,2 by Proposition 3.2(ii). We have

62(3:) = (t+1)(f 4+ ta!"1B) and 8(;\(33) = (t+ 1)(tap™ ! 4+ ), and so
1 T2
2vi M) = 22 L ONE)_oor gy a1 1)8 - 1)+ Bt + o — 1),

8.21?1 8.21?2

It suffices to show that g > t+1’
This follows from (iii), completing the proof. 1

since then writing ¢ =  — we have V3 A(x) > (t+1)1

1
+1>

Proof of Theorem 1.7.  First we show that for F' := K,.(t) with ¢ > 1+ logr, we have
OPT = {x} where = (%, ...,1,0,...) and 2o = 0. This essentially follows from [7] where it is
proved that x lies in OPT (but without proving uniqueness), and [4, Theorem 13] where it is
proved that the Turdn graph with r parts is the unique extremal graph; but as in the proof of
Theorem 1.6 we again need to make some modifications. Write A(+) := p(K,(t),-), and observe
that M(y) = (tr)!/(r!(t)") - St +(y) where t is repeated r times. The method of Lagrange
multipliers, [7, Proposition 7] shows that every y which maximises A has exactly r non-zero
entries (which sum to 1, since ¢ > 1) Thus it suffices to show that S!(z1,...,2,) := o). 2L
over all z1,...,z, > 0 with 21 + ... + 2, = 1 is uniquely maximised by ( , ,%) This is
easy to see for r = 2. Suppose it is not true for some r > 3, and so x; # x2, say. Then

St(xy, ..., x.) > Sﬁ(%ﬁ, %ﬁ,xg, ..., Tr), a contradiction.

We have proved that OPT = {z}. It remains to show that there is ¢ = ¢(\) > 0 such
that (Strl) and (Str2) hold.

Note that (Strl) is immediate as a non-edge between two partite sets is not contained in any
induced copy of F, and an edge within a partite set is not contained in any induced copy of
F'. As in the proof of Theorem 1.6, this means that every Vi*A(z) = A(z), which is always at

least (%)M_2 +0(1). Similarly (Str2) is immediate since any vertex in G, , without neighbours
in at least two parts does not have a K,._1 in its neighbourhood so does not lie in any copies of
K,(t), and any dominating vertex clearly lies in no copies of K, (t). So again Vj jA(x) = A(x)
whenever b # e; for any i € [r]. 1

Proof of Theorem 1.8. Let us show that Ay is Ag := 1502254 and the vector a = (é, e é,O D),

which is the limit of K3 /8. )8 is the unique maximiser. (Here, Kﬁl,... is the complete

T

{-partite graph with parts of size N1y eeey Ng.)

Let € OPT be arbitrary. At some places it will be convenient to use the language of finite
graphs. So let n be large and let G = G, » be a realisation of & with P-structure Vj, ..., Vi
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Let us show that there are ¢ € N, p := (1—x¢)/¢ and a sequence ¢ = xg, ..., x; = (p, ...,p,0, ...) €
OPT where for all j € [t], z;0 = o, the entries of x; are obtained by replacing some non-zero
Zj—1,1,%j—1,, in the entries of x;_; with 2z; := x;_1; + xj_1,,, and any y; obtained by re-
placing x;_1,,%j—1,, in the entries of x;_; with non-negative reals that sum to z; is also in

OPT.

Indeed, suppose there are non-zero x; # x;, and let ¢ + j be minimal with this property. Each
copy of F' = K11, intersects each V; UV} in at most 3 vertices. Thus, if we fix the rest of
x, fix s = x; + z; and vary a = z;/s between 0 and 1, then the number of copies of F' is
given by a polynomial p(a) of degree at most 2 which is symmetric around %: p(a) = p(1 —a).
(Note that the number of copies of F' having 2 + 1 vertices in V; U V; is a constant times
a’(1 —a) + (1 — a)?a = a — a?, which has no a?® term, i.e. is also a quadratic polynomial.) If
p’ # 0, then by symmetry, it follows that p/( %) = 0 and since p’ is a linear function of a, this is
the only root. Thus p is maximised at 0, 1 or % and we can strictly increase p, a contradiction.
Thus p’ = 0, and any z obtained from « by replacing x; and x; by one or two new entries whose
sum of sizes is x; + x; is in OPT (corresponding to taking any value 0 < a < 1). We let iy =1
and is = j, giving 1. Then x; and any y; as described lie in OPT. If we cannot take t = 1,
then a1 has unequal non-zero entries and we can repeat the above. It remains to check that
this process terminates. If not, since we always merge the largest part with the next (non-equal
non-zero) largest part, for all ¢ > 0 there is some m = m(e) > 0 such that z,,1 >1—29 —¢
(recalling @m0 = m0). Then p(F, ) = 5!/(1 — 2¢)?/2 - 23 /6 + O(e) which is maximised when

216 _ 525

Ty = %, with value %2

Gr < 1o210 @ contradiction.

Let y = x4, so y has ¢ equal non-clique parts each of ratio p = (1 — y)/¢ for some y € [0, 1].
Thus p(F,y) is equal to hy(y), where

2 \3 9 3
hely) = BT ((13,” — (-2 -2p) - (- 1){3)!) .

Indeed, we first choose one part V; where two non-adjacent vertices go (¢ (pQ”) choices). Then
the other 3 vertices of F' have to go outside of V; (((1_3”)") choices) except we have to rule out
two (exclusive) cases: exactly two of them are in some V; ((¢—1)(%')(n — 2pn) choices) and all
three of them are in some V; ((¢ —1)(%') choices). We have hj(y) = ;—g(y —1)q(y) where

q(y) = —30 + 490 — 214% 4 203 4 90y — 1230y + 3302y — 90y + 990y* — 120%y* + 309> — 25047,

We claim that for each ¢ > 8, the function hy is strictly monotone decreasing (that is, the optimal
y is 0 meaning that the clique part is empty). So it suffices to show that ¢(y) > 0 for £ > 8 and
y € [0,1]. We have that q is positive at its endpoints: q(0) = 42+97(¢—8)+27(£—8)?+2(¢—8)3
and ¢(1) = 263. So if g(y) < 0 for some y € [0,1], then ¢’ has a root in [0,1]. However, the
quadratic polynomial ¢’ has a negative coefficient at y? and is positive at endpoints: ¢'(0) =
1218 + 405(¢ — 8) + 33(¢ — 8)? and ¢'(1) = 9¢2, so there is no such root. (These symbolic
calculations can be found in 2111.nb in the anciliary folder of the arXiv version of this paper.)

We claim that k£ € R[{] given by k(¢) = hy(0) is decreasing for ¢ > 8. That is, out of all
y with at least 8 non-zero entries which are all equal, the unique extremal y is a. Indeed,
K'(0) = —105(£) /> where j(£) = (£ —9)3 +15(¢ — 9)? + 60(¢£ — 9) + 30 so k’(¢) is decreasing for
all £>9, and also k(9) = 3322 < 122 = k(8). (See 2111.nb.)
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Let us show that none of ¢ € [7] is optimal. Fix such an ¢. Direct calculations show that
he(0) < Ao (while y = 1 gives K, which has zero density of F'). So it remains to investigate
critical points, that is, y € (0,1) such that hy has derivative zero at y. Thus ¢(y) = 0.

Introduce a new variable z and define p;(y) := h}(y) and pa(y,2) := z — he(y). Thus if y is
a critical point with Apax = he(y) and we define z := hy(y) then (y, z) belongs to the variety
V = V(I) C R? defined by the ideal I := (p1,p2) generated by the polynomials pi,ps. By
applying Buchberger’s algorithm to I (where we eliminate the variable y) we see that J, the
intersection of I with R[z] (the set of polynomials that depend on z only) is generated by one
polynomial g, explicitly computed in 2111.nb for every ¢ € [7]. We actually need only a part
of the above claim, namely that there are polynomials f1, fo € Ry, z] such that we have a
polynomial identity q;(z) = f1(y, 2)p1(y) + f2(y, 2)p2(y, 2), that is, all terms on the right-hand
side depending on y cancel each other.

We have ¢i(z) = z(625z — 216) which has roots at z = 0, 2%, and hq(29) < Amax for both roots
zg. For each 2 < [ < 7, the polynomial ¢, on inspection has the following properties: we have
qe(z) = zry(z) where ry has degree at most 3, the coefficient of the leading term of ry is positive,
and furthermore, we have r,(0) > 0, r¢(Ao) < 0 and ry(1) < 0. This implies that r, has no
roots in [Ag, 1] and hence gy has no roots in (0,1]. That is, it is impossible to have Apax > Ao

(because, as a graph density, Amax is at most 1). Thus Apax = Ao and none of the polynomials

1 1

can achieve Apax except when £ = 8 (with y = (g, ..., 5,

0, ...) being the unique maximiser
among y € P with y; =y, for all i,j € [8]).

If y = x; # «, then x;_; exists, and it is of the form x;_; := ( L a,é —a,0, ...) for some

1
FRERERIS) )8
% <a< %, where % is repeated 7 times, and moreover the element of P obtained by setting

a = -, say, lies in OPT. A routine calculation shows this to be a contradiction (see 2111.nb).

167
Thus OPT = {a}, where a := (%, ...,%,O, ...) with ag = 0.

Finally, it remains to check strictness. Let us check (Strl). First let z,y be in different parts
Vi,Vj of G = Gy q. Write p = % and assume 8|n. Consider copies of K31 11 that contain both
x and y, with A denoting the 2-element part. Then in G, the edge zy can be such that = lies
in A (pn - (5) - (pn)?) choices), y lies in A (the same), or neither x nor y lie in A (6 - (%) - 5pn
choices). In G @ zy, xy is a non-edge and so we can only have {z,y} playing the role of A in

F', so the number of such copies of F' is (g) (pn)?. Thus for distinct ,j € [8] we have

VirA(a) = 31p? <2 (g) +15 — (g)) = %

Now let z,y be in the same part V; of G. Then in G, the non-edge zy lies in (g) (pn)? copies of
F. In G ® zy, the edge zy lies in 7(%)) - 6pn copies of F. So

7 7-6 84
**)\(a) = 3Ip° )=
Vii Aa) = 3lp <<3> 5 > T3
as required.

For (Str2), let b: [8] — {0,1} be such that |supp(b)| = k. Then

o= () (6-0(() (a3 =2 () ()
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Indeed, counting induced copies of F'in G, q 4+ u containing wu: if u plays the role of a vertex
in A, then we choose the other vertex from this set among any of the 8 — k parts not adjacent
to u, and then choose three distinct parts of the k adjacent to u to contain the other vertices.
If u plays the role of a singleton, we choose two among k parts for the other two singletons, and
another for A (dividing by two for both orders). Routine calculations show that this is uniquely
maximised (with value \g) when k = 7, as required. I

Proof of Theorem 1.9. We will show that OPT = {(%,0, )} and Apax = %. Let G be a
complete partite graph on n vertices which maximises the number of F' := K31 ;. Comparing
G to (%,0,0, ...), we have P(F,G) > g%g( ) + O(n*). Suppose that Y, Z are the two largest
parts of G, with |[Y| =yn, |Z]| =znand y > 2. Let S:=V(G) \ (Y U Z).

First, let us derive a contradiction from assuming that z > % Let s:=1—y—2,s05< % The

number of copies of F' with at least three vertices in S is at most
5 4 3 5 4 3
5 (s sT(1— s) s S5 88 . 151
" (5!+ a ) s\ s o T a) S 600 625

The number of copies of F' with exactly two vertices in .S is at most

('9271) <<ZI;> + <n B Sg - yn)) = nij (y3 + (1 —s—y)*) +0(nh). (21)

We have y < 1—s— 2 (since 2 > 2) and y > 1 — s —y (since y > z). For fixed s, the expression

y3 4+ (1 — s —y)? is maximised when y is as large as possible. Indeed, 3>+ (1 —s—)3 for y € R
is a quadratic polynomial whose coefficient at 32 is positive and whose minimum is at %, and
we have y > 15%. So the expression in (21) is at most

r(s)n® + O where r(s) = i(<1s§>3+<§>3>

We claim that r’ has no roots in (0, ], which implies that r(s) attains its maximum at s = %

5
of value 509-—. Indeed, r’(s) = 555t(s) where t(s) = —125s% + 180s® — 81s + 14. Furthermore,
t(1) < 0 < (%) so t has at least one root in [2,1]. If the claim does not hold, then ¢ has three

real roots, which are interlaced by the roots of the quadratic ¢'(s) = —3(5s — 3)(25s — 9). The

smallest root of ¢’ is % > %, and the coefficient of s3 in ¢ is negative, so ¢ has a root in (0, %]

only if ¢(5) < 0, a contradiction.

Every other copy of F' has exactly 4 vertices in Y U Z. So, writing ¢ := y , their number is

<y:> on-sn + @) cyn-sn = f@?’(l — 1)+ (1= 1)°t)s(1 — 5)* + O(n)

Which for s € [£,1], is maximised when (s,t) = (3, 3), with value 530 - 6255 + O(n*). So when

z 2 , we have p(F, G) < 600 625 (1514-160+640) < Ao, and we obtain the desired contradiction.
Assume from now on that z < 2/5. Fix v € Z. Let p(F,G,v) be the number of copies of F
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containing v. Then

P(F.C.v) < plv) = <zn2— 1) <<(1 —2z)n> B (y;)) N (‘?)(1 Cy—2)n

+ é 3 <“ . d(“’)> (d(w) — 2n).

weS
We would like a good upper bound for the last term. Since Z is the second largest part, we
have that (1 — z)n < d(w) < n for all w € S. Now f(z) = (1 — 2)*(z — z) is maximised when
z = x0 := 5(1 4 2z) and is decreasing on the interval [z¢,1]. Since z < 2, we have 29 < 1 — 2,
so f defined in the range [1 — z, 1] is maximised at x = 1 — z. So the last term divided by n? is

at most 1 1
2D fldw)n™ +0(1/n) = 2(1 -y = 2) f(1 = 2) + O(1/n).
3wES 3
Define
hn2) =12 (2 (1= 92 =)+ L1 —y =)+ Sy = -2 -
y,2) =12 { 7 vitgU-y—2+gll-y—= 77 625
3 4 3 2 108
=2y — 2t — 232 + 522 — 22 — 3y22% — 1223 4 4y 4+ 721 ~

By the above, h(y,z) > 12(p(v)n~* + O(1/n) — 535) = O(1/n), that is, h(y,z) > 0 for all
nggywithz—l—yglansz%. Let

R:={(y,2) €[0,1]*:y > 2,y + 2 < 1}.
Claim 6.1 For every (y,z) € R with h(y,z) >0, we have that y > 3.

Suppose that the claim holds. Since G is optimal, Proposition 3.2 implies that v has optimal
attachment in Gj; that is, P(F,G,v) = ("Zl)A(G,v) = ("Zl)kmax + O0(n3) > 63571 + 0(n?).
Thus h(y, z) > 0 for the y, z corresponding to Y, Z, since, as we have shown, z < 2. Soy > 3.
Consider the graph H obtained by replacing Z by a clique. Then we lose every copy of F
containing the 3-independent set in Z and gain copies of F' with the 3-independent set in Y
and the two other vertices in Z. So

P(F,G) - P(F,H) _2*(1-2)> (3/5)°2* 2 (2(1-2)2 33
<Z o)== . 1
12015 =30 2 31 2+0<) 2 6 6.5 ) ol
22 ([ 4 33 —229
< - 1) < 2 1).
_2<6-33 6-53>+0()_40500 +oll)

This is a contradiction to the optimality of G if z = 2(1). Thus z = o(1) and, up to o(n?)
edits, G consists of an independent set of size yn and (1 — y)n universal vertices. So p(F G)=

120(y - y) ) + o(1). Ignoring the error term, this is uniquely maximised when y = , with

value 616 Then OPT = {a}, where a = (2,0, ...).

So it remains to prove Claim 6.1. First we consider (y,z) on the boundary of R. If z = 0
then h(y,0) = 612%8 + 1250%3(1 — ) which is uniquely maximised when y = % If y = z then
hy,y) = y*(2y — 1)(2y — 5) — 95 which is negative for y € [0,1].
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Now we consider (y,z) in the interior of R. Let (yo,z0) in the interior of R be such that
h(yo, z0) > 0 and yp is minimal with this property (such a yo exists by compactness of R and
continuity of h). Since (yp, 20) is in the interior of R, we have h(yo,20) = 0 and %(yg, 20) =0
(otherwise we can find 2’ &~ zg with h(yo, 2") > h(yo, 20) = 0 and by the continuity of h, y' < yo
and h(y',2’) > 0, contradicting the minimality of yp). Applying Buchberger’s algorithm to
eliminate z, we obtain a degree-12 polynomial ¢ such that y satisfies h(y,z) =0 = %(y, z) only

if g(y) = 0 (see 311.nb):

q(y) == —2500858044 + 14506020000y — 18911610000y — 85830803750y> + 545884288750y*
— 1430659375000y° + 4001212109375y5 — 12503827343750y" + 30477566015625y°
— 54597656250000y° + 64171142578125y° — 42002929687500y*! + 12102539062500y*2.

Let a := 22 and R’ := {(y,2) € (0,1]? : z < y < a}. We claim that p(y) := q(y + ) is a
positive polynomial. Then ¢(y) > 0 for all y € R\ R/, and hence (yo,20) € R'. For this, it
suffices to show that there are polynomials r1(y), r2(y) with non-negative coefficients satisfying
p(y)ri(y) = r2(y). Once one fixes the degree d of 1, this amounts to solving a linear program,
where by, is the k-th coefficient of rq:

minimise Z by,
0<k<d
subject to Z ajbp >0, i=0,1,...,d+12
Jjt+k=i:
0<j<12;
0<k<d

be > 0, k=0,1,...d.

In fact we only need a feasible solution, not an optimal one, so the objective function can
be anything. For degrees d = 1,2, ... we attempted this (using python) until we obtained a
numerical solution for d = 16. The following degree-16 polynomial was obtained by multiplying
this solution by a fairly large power of 10 and rounding.

r1(y) = 4056315853362'° + 2910480001562 + 172228102580z + 7657724359213
+ 3250173395322 + 13576227809z + 534472790920 + 19545375062 + 73709726928
+ 26469682827 + 909840852° + 3018408125 + 10472958z + 309048523 + 100053822
+ 2066092 + 108298.

Clearly its coefficients are positive and one can check (see 311 .nb) that the degree-28 polynomial
p(y)r1(y) also has positive coefficients, as required.

Suppose we can find non-negative polynomials sg, ..., s3 in y, z and positive t € Q such that
—h(y,z) —t —zs1 — (y — 2)s2 — (@ — y)s3 = s,

where a polynomial p € R[y, z] is non-negative if p(y, z) > 0 whenever y, z > 0. Then —h(y, z) >
0 on R'. This will complete the proof of the claim. Let z := (1,%,2,%%,yz,2%)T. To ensure
that the s; are non-negative, it suffices to find positive semidefinite 6 x 6 matrices @; such that
si(y, z) = £7Q;z. For this, a sum-of-squares solver (we used the YALMIP Matlab toolbox [22,23]
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with SeDuMi [33]) numerically maximises ¢ such that the above equality holds; that is, we obtain

t' ~ 0.02 and real matrices Qy, ...

, Q5 such that —h(y, z) —t' — zs) — (y — 2)s5 — (e — y)sh = (),

where s, = 27Q’z. Now let Q; be a (symmetric) rational approximation to @’ for i € [3] and

let Ry be a rational approximation to Q. We obtain

47560627 _ 27288737  _ 5823553 _ 22660833 64761638 _ 10092851
605583685 128683162 403766228 166625377 445638833 42370543
_ 27288737 412450960 _ 154126052 _ 123333398  _ 45208772 29997552
128683162 208083677 222170865 74059181 76054353 77062243
_ 5823553 _ 154126052 56961038 75134651 _ 114623437 68436686
Ry = 403766228 222170865 76246587 68479911 74768701 157424595 =0
_ 22660833  _ 123333398 75134651 231222579 _ 33046138 _ 27557233 -
166625377 74059181 68479911 42911653 90840815 25108228
64761638 _ 45208772 _ 114623437  _ 33046138 142375474 _ 204334483
445638833 76054353 74768701 90840815 17195129 99244906
_ 10092851 29997552 68436686 _ 27557233  _ 204334483 152251273
42370543 77062243 157424595 25108228 99244906 45491357
113823133 _ 153720698  _ 514694857 _ 26958123  _ 5214837 424549711
103564772 116964597 175951034 134065612 679601578 451760648
_ 153720698 98271451 108839271 _ 37652132 _ 98556781  _ 86545565
116964597 22705510 102671668 76331505 98719039 156277133
_ 514694857 108839271 178543136 _ 13588975  _ 66382289  _ 315010733
Q — 175951034 102671668 16280101 554452603 197496474 72953806 =0
1 _ 26958123 _ 37652132  _ 13588975 127914572 _ 93779957  _ 258311971 -
134065612 76331505 554452603 23010911 771873704 316622401
_ 5214837 _ 98556781  _ 66382289  _ 93779957 183401329 _ 60904303
679601578 98719039 197496474 771873704 33290110 161208591
424549711 _ 86545565  _ 315010733  _ 258311971 _ 60904303 502508117
451760648 156277133 72953806 316622401 161208591 78490640
21520940 _ 56020343 40731578 _ 46544963  _ 41177990  _ 26606007
25577879 32074003 751516279 139367268 108764983 46612636
_ 56020343 112841678 _ 139240153  _ 45501317 64055491 21288583
32074003 19842961 172670104 43903809 88725341 30121110
40731578 _ 139240153 68362401 _ 168386141  _ 155286027 30506956
Q2 — 751516279 172670104 21097442 819717774 198655888 19158511 =0
_ 46544963 _ 45501317  _ 168386141 166235485 15677552 _ 15992364 -~
139367268 43903809 819717774 28138938 218059291 25871383
_ 41177990 64055491 _ 155286027 15677552 253525900 95613053
108764983 88725341 198655888 218059291 46511459 837681775
_ 26606007 21288583 30506956 _ 15992364 95613053 267687310
46612636 30121110 19158511 25871383 837681775 41812157
29877454 _ 110018062  _ 39492021 _ 44736353  _ 27286543  _ 211317628
113194375 390364861 93889856 260223501 148218452 549271497
_ 110018062 168343502 _ 63781869 813722845 1719950 20149420
390364861 34876437 56201314 556876698 4084346189 711586093
_ 39492021 _ 63781869 293980380 _ 16659683 24295714 20062513
Q3 — 93889856 56201314 89098241 50114131 57792167 28511329 = (
_ 44736353 813722845 _ 16659683 166235485 _ 91733513 _ 11949058 ~
260223501 556876698 50114131 28138938 894919007 15299253
_ 27286543 1719950 24295714 _ 91733513 187073509 _ 1990762
148218452 4084346189 57792167 894919007 34708874 36615949
_ 211317628 20149420 20062513 _ 11949058 _ 1990762 192697280
549271497 711586093 28511329 15299253 36615949 35564393

At this stage it does not matter (for the purposes of a verifiable proof) where Ry, Q1,Q2, Q3
came from; it suffices to show that they are positive semidefinite and that the polynomial

e(y,z) = —h(y,z) —zs1 — (y — z)s2 — (¢ — y)s3 — 1o
is positive on [0,1]%, where ro = 2TRoz. To check positive semidefiniteness of a matrix A =
(aij)i,je[m]a we first check that A is symmetric, then we use Sylvester’s criterion, which says
that a Hermitian matrix A is positive semidefinite if and only if A®*) = (aij)ijefw) has positive
determinant for all k& € [m]. We bound ¢(y, z) from below by its constant term minus the sum
of the absolute value of its other coefficients (see 311.nb) to see that £(y, z) > % in the required
region. This completes the proof of the claim.

It remains to check that p(K311,-) is strict. Consider G = G, q which has a clique part Vp of
size %” + O(1) and another part V; of size 37" + O(1) which is an independent set. Now (Strl) is
immediate as G @ xy has no induced copy of F' containing both x and y.
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Now we check (Str2). Let ¢ := 105. We have supp*(a) = {0,1}, so given any b: {1} — {0,1}

and « € [0, 1] it is enough to show that

ViaA(a) = AMa) — AMa, (b,a)) = Ma) — lim NGna +bau,u) >

n—oo

(1l —a) = Apax(1 — ),

(S5

that is, A(a, (b,a)) < Amaxe. If b(1) = 0 then u lies in a copy of K31 only if it lies in
the 3-set with two vertices in V; and the two singletons are in N(u) N Vo, so A(a, (b,a)) =
(24712) (%0‘)2 (%)2 = Amax@?, as required. If b(1) = 1 then u lies in a copy of K311 only if the
3-set is in V} and the other singleton is in N(u) NVj, so A(a, (b,a)) = (1%3) (22) (%)3 = Amax@,
as required. |1

7 Concluding remarks

In this paper we have shown how to obtain stability from results in extremal graph theory
which use symmetrisation. We have applied our general theory to the inducibility problem for
complete partite graphs. It would be interesting to solve other instances of the polynomial
optimisation problem which amounts to determining i(F).

It would be particularly interesting to find other extremal graph theory problems to which our
theory applies.
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