THE NUMBER OF MULTIPLICATIVE SIDON SETS OF INTEGERS
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ABSTRACT. A set S of natural numbers is multiplicative Sidon if the products of all
pairs in S are distinct. Erdds in 1938 studied the maximum size of a multiplicative

Sidon subset of {1,...,n}, which was later determined up to the lower order term:
m(n) + @(ﬁ). We show that the number of multiplicative Sidon subsets of
@( n3/4

{1,...,n} is T(n) - 2 Goe ) for a certain function T(n) ~ 218157(") which we
specify. This is a rare example in which the order of magnitude of the lower order term
in the exponent is determined. It resolves the enumeration problem for multiplicative
Sidon sets initiated by Cameron and Erdds in the 80s.

We also investigate its extension for generalised multiplicative Sidon sets. Denote
by Sk, k > 2, the number of multiplicative k-Sidon subsets of {1,...,n}. We show
that Sy (n) = (B +0(1))™™ for some B we define explicitly. Our proof is elementary.

1. INTRODUCTION

A set S C N is a multiplicative Sidon set if all the products xy with x,y € S are
distinct. In other words, S does not contain distinct elements satisfying the equation
ajas = biby. The notion of multiplicative Sidon set was introduced by Erdds [8] back
in 1938, who studied the maximum size of a multiplicative Sidon subset of [n] :=

{1,...,n}, denoted by s(n). He gave a construction of a multiplicative Sidon set,
showing that s(n) is at least 7(n) + ¢ ﬁ for some constant ¢ > 0, and proved an

upper bound 7(n) + O(n*). The order of magnitude of the lower order term in s(n)
was finally pinned down 31 years later by Erdds himself [9], showing that, for some
constant ¢ > 0,
/ n3/4
(1.1) m(n) +c Togn)72 < s(n) <m(n)+ CW.
For more on multiplicative Sidon sets and its extensions, we refer the readers to |21 23]
and references therein.

Given now the satisfying answer on how large a multiplicative Sidon subset of
[n] could be. A natural next step would be to estimate how many multiplicative Sidon
sets there are in [n]. Indeed, enumerating subsets of [n] satisfying various properties was
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initiated by Cameron and Erdés [5] in the 80s. In particular, denoting S(n) the number
of multiplicative Sidon subsets of [n], they determined asymptotically the logarithm of
S(n). Considering the accuracy on s(n) given by (L.1), it is natural to ask for a better
estimate of S(n). This is the content of one of our main results, which gives much finer
count on S(n) with precisions matching that in (L.1)).

1.1. Main results.

Theorem 1.1. There exists C' > 0 such that the number of multiplicative Sidon subsets
in [n] satisfies
3/4 n3/4

(V2Ho(1)) "5y

T(n) . 2 (logn)3/2 S S(n) S T(n) ) 2CW’

where

T(n) = 11 ([n/p] +1).

p prime: n2/3<p<n

Theorem is a rare example of enumeration result in which the correct order of
magnitude of the lower order term is given. A more explicit formula for the function
T(n) is

nl/3
T(TL) _ 2O(n2/3) ) H(l + ]_/Z>7r(n/z)7
i=1
see Section . A more crude estimate is T'(n) = (2% + 0(1))™™, where
=1
1.2 = -1 14 1/2) ~ 1.8146.
(1.2) o ;iogz(ﬂL/@)

For an integer k > 2, a set A C N is multiplicative k-Sidon if A does not contain 2k
distinct elements satisfying the equation ajas . ..ar = bibs ... b,. The maximum size of
a multiplicative k-Sidon subset of [n], denoted by si(n), is closely related to a problem
of Erdés, Sarkozy and Sés [11] on product representations of powers of integers. It was
shown in [21] that si(n) is asymptotically 7(n) and 7(n) + 7(n/2) when k is even and
odd respectively.

Our next result concerns multiplicative 3-Sidon sets. Denote by Sik(n) the number
of multiplicative k-Sidon subsets in [n]. We show that the limit of S3(n)/™(™ exists.

Theorem 1.2. The number of multiplicative 3-Sidon set is

Sa(n) = (B + o(1))"™,

for some B > 0. Futhermore, for any € > 0, there exists N(e) such that B can be
approximated within a factor of 1+ ¢ in N(g) steps.

In fact, we define [ explicitly in (4.1)) via a family of so-called product-free graphs.
Moreover, we present upper and lower estimates for 8 ~ 5.2 that are within a ratio of
1.002.

Our methods for enumerating multiplicative (3-)Sidon sets can be extended to de-
termine Si(n) for all £ > 2.
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Theorem 1.3. Let o, 5 and 5~ be defined as in (1.2), (4.1) and (4.5) respectively.
Then the number of multiplicative k-Sidon subsets of [n] is

Si(n) = (2% +o(1))™™ if k > 4 is even;
R (Br +0(1)"™, ik > 5 ds odd,

for some By > 0. Furthermore,
B>0s>pPr>...> 0 ~52366.

1.2. Related results. The past decade has witnessed rapid development in enumer-
ation problems in combinatorics. In particular, a closely related problem of enumer-
ating additive Sidon sets, i.e. sets with distinct sums of pairs, and its generalisation
to the so-called Bj-sets was studied by Dellamonica, Kohayakawa, Lee, Rodl and
Samotij [6, [7, 16]. For more recent results on enumerating sets with additive con-
straints, see e.g. [1], 2], B, 12, [14] 25 27]. Many of these counting results use the theory
of hypergraph containers introduced by Balogh, Morris and Samotij [4], and indepen-
dently by Saxton and Thomason [26]. We refer the readers to [4, 26] for more literature
on enumeration problems on graphs and other settings.

Roughly speaking, the hypergraph container method works well when the (hyper)graph
has “uniform” edge distribution. In the arithmetic setting, when we forbid additive
structure, the corresponding Cayley (type) graph is relatively regular and therefore
has a nice edge distribution. However, when we forbid multiplicative structure such as
the one in multiplicative Sidon property, the induced Cayley graph is highly irregular,
making it difficult to apply the hypergraph container method. For an example of enu-
merating sets with multiplicative constraints, we refer the readers to [I8], [19] in which
primitive sets, i.e. sets with no element dividing another, are studied. Our methods for
enumerating multiplicative Sidon sets are elementary, though we do use an extension
of an idea of Kleitman and Winston [I5] to determine the lower order term in S(n).

It is worth noting that for sets with additive constraints and enumeration for graphs
with various properties, the logarithm of the counts are often asymptotically the same
as the corresponding extremal functions, with only two known exceptions: (i) the fam-
ily of graphs without 6-cycles and (ii) the family of additive Sidon sets. In constrast,
as shown by [18, [19] and our result on Si(n), for enumeration of sets with multiplica-
tive constraints, the logarithm of the counts are strictly larger than the corresponding
extremal functions.

Organisation of the paper. Section [2| sets up notation and tools needed for the
proofs. In Sections 3| ] and [5 we prove Theorems and [L.3] respectively. Some

concluding remarks are given in Section [6]

2. PRELIMINARIES

In this section, we present the tools that will be used later in the proofs. Throughout
the paper, we omit floors and ceilings when they are not essential.
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2.1. Number theoretic tools. For n € N, denote by €2(n) the number of prime
divisors of n with multiplicity. Let

be the summatory Liouville-function.
The first lemma we need states that each element in [n] either has a “large” prime
divisor or is a product of two “small” numbers.

Lemma 2.1. [§] For each a € [n], we can write a = uv with v < u such that one of the
following holds:

e cither u is a prime and u > n*/3;
® 0TV §u§n2/3.

The next standard estimate follows from Bruns’s method, see e.g. [9].

Lemma 2.2. There exists ¢ > 0 such that for any primes p1 < ... < pr < n, the
number of integers m < n which are not divisible by any of the p; is at most

QUG

We shall also use the following estimate which follows from Mertens’s estimate [20].
Lemma 2.3. There exists ci,co > 0 such that

C1 1 Co
< 1—-] < .
logn — H ( p) ~ logn

p prime: p<n

2.2. Graph theoretic tools. To bound the number of multiplicative Sidon sets, we
will make use of several results from extremal graph theory on graphs that do not con-
tain any 4-cycles. By classical theorems of Erdés, Rényi and Sés [10], and Reiman [24],
it is well-known that an n-vertex Cy-free graph of maximum siz has (1 + o(1))n*?
edges. We need an extension of this on the maximum size of an unbalanced bipartite
Cy-free graphs, due to K6véri, Sés and Turan [17].

Theorem 2.4. For m < n, the maximum size of a bipartite Cy-free graph on partite
sets of size m and n is at most mn'/? + n.

The following lemma extends the classical result of Kleitman and Winston [I5] on
counting Cy-free graphs to the unbalanced bipartite setting.

Lemma 2.5. Given m,n with

(2.1) n*/2(logn)® < m < n,
the number of Cy-free bipartite graphs with partite sets of sizes m and n respectively is
at most 20(mn'’?).

IThe size of a graph is the number of edges.
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The proof of Lemma [2.5| will be presented in Section The exponent O(mn'/?) is
optimal up to the constant factor. It would be interesting to remove the constraints on
m: is it true that for m < n, the number of bipartite Cy-free graphs with partite sets
of sizes m and n respectively is at most 90(mn'/?4n) Nonetheless, the above version
suffices for our purposes.

We also need the following bound on the maximum size of a Cg-free bipartite graph
due to Gyéri [13].

Theorem 2.6. For m < n, the mazimum size of a bipartite Cg-free graph on partite
sets of size m and n is at most m?/2 + 2n.

2.3. Estimating the function T'(n). For n > 2, let py = po(n) be the smallest prime
larger than n%3. Note that py < n. Furthermore, let ko = ko(n) = |[n/po] =~ n'/>.
Then

T(n) = I[I  (npl+y
p prime: n2/3<p<n
= 27 M=(3) . 375 =m(5) Ly () =D TR L (ko(n) + 1) Relm) TR0 =)
k()(n) k:()(n)
= (k()(n) + 1)—7r(P0(n)—1) H (1 + 1/2)7r(%) — H (1 + 1/Z'>7r(%)—7r(p0(n)—1)'
i=1 i=1
Let
ko(n)
R(n) = ]t + 1/
i=1
Note that for any ¢ > 1, by the Prime Number Theorem,
. i\ (po(n)—1) (po(n)—1) en?/3
TT(1+1/a) 0= = (g 4 1)7o()=1) < gen®/?,
i=1
Thus
R(n)- 27" < T(n) < R(n).

3. PROOF OF THEOREM [I.1]

3.1. Lower bound. We shall construct multiplicative Sidon sets consisting of two
parts A and B, where each element in A has a prime divisor larger than n?/3, while
each element in B is a product of two primes less than n'/2.

Let G be a Cy-free graph of maximum size on vertex set

V(G)={p:p<n'? pisa prime}.

By the Prime Number theorem, |V (G)| = (2 + 0(1))172’);/;; and by the aforementioned
result of Reiman [24],
@)= (3 +00) V@2 = (VE+ o)
e(G)=(5+o = 0 Tog )2
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Let B* C [n] contain exactly those products pg for which p and ¢ are connected by an
edge in G, i.e.
B*={pq: pq € E(G)}.

Notice that B* is a multiplicative Sidon set and |B*| = e(G) = (v/2 + o(1)) 1ogZ)43/2

Indeed, if B* contains a solution (pi1qi1)(p2q2) = (p3gs)(paqs) with distinct p;q;, @ €
[4], then as p;,q; are primes, the sets {p1,pa2, q1,¢2} and {ps,p4, q3,q4} are identical,
consisting of 4 distinct elements. This, however, would imply that {p1, p2, ¢1, g2} induces
a copy of Cy in GG, a contradiction.

Observe that if each element of a set A C [n] has a prime divisor, which does not
divide any other element of AU B*, then AU B* is also a multiplicative Sidon set. To
construct such a set A, for every prime p larger than n?/3, include at most one multiple
of p to A. For each such large prime p, the number of choices is |n/p| + 1. Since these
choices are independent, the number of ways to construct A is precisely

11 ([n/p] +1) =T(n).
p prime: n2/3<p<n
Finally note that, for every B C B*, the set AU B C AU B* is a multiplicative Sidon
set. Therefore, the number of multiplicative Sidon sets is at least

. (V2+o(1))n3/4
T(n)- 2P > T(n) -2 Geen)?’

)

as desired.

3.2. Upper bound. Our strategy of bounding the number of multiplicative Sidon sets
is to partition elements into several types according to their largest prime divisors and
bound the number of choices for each type using its structural information.

Let S C [n] be an arbitrary multiplicative Sidon set. We may assume that S does
not contain any perfect squares. Indeed, there are at most y/n perfect squares in n,
contributing a negligible factor of 2V™. The purpose of this is to avoid loops appearing
in auxiliary graphs that we will introduce later. Partition the elements of S into the
following two types:

A:={a€ S:3In?3 <pprimest. pla};
B :={a € S : all prime divisors of a are at most n??}.

We further partition A depending on whether an element has its own distinct large
prime divisor:

Ay :i={a€ A:In?? < pprimes.t. p|abutpibforany bec S\ {a}};
Ay :={a€ A:In?? <pprimeand I3be€ S\ {a} st. p|(a,b)}.

By Lemma we can write each @ € B as a = uv with v < u < n?/3. We will fix

one such representation u, v such that v is minimum, that is,

(3.1) (u,0) = (Ug,va) : w0 =a, v <u<n*?and Vu'v' =a, v<min{u',v'}.
We then further partition B according to the value v in this representation:
Bl ={a € B:v<n?}

nl/2
={aeB:n'B<v< Tag P sk
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nl/2
B3::{a€B:W<v§n1/2}.
Clearly, S = Ay U A; U By U By U Bs. In the following subsections, we shall bound
from above the number of ways to construct each A; and B;. As we shall see later, the
main term 7'(n) is given by the set A;. For the sets Ay, By, By, we shall show that each

of them can have size %. Since the number of such small sets is at most

n
logn

n gn3/4 12n3/4
E T} < nuesmt < 200gn?
8n3/4 !

1

~ (logn)

the contribution from As, By, By is negligible. At the end, we shall show that the

n3/4 )
number of choices of B3 corresponds to the lower order term 2 (“"g DRAVS

3.2.1. Choosing A;. Recall that each element of A, is divisible by a prime p > n%?,
and p can not divide any other element of S. This means that A; can contain at most
one multiple of p. Thus, the number of A; sets is precisely T'(n).

3.2.2. Choosing A,. Consider now those primes n*? < p < n that divide at least two
elements of S. For each such prime p, let m, > 2 be the number of multiples of p
contained in S. Construct an auxiliary bipartite graph I" on partite sets X and Y,
where X consists of all primes in (n?3,n] that have at least two multiples in Ay, and
Y =[n'%. InT,p€ X and £ € Y form an edge if and only if p/ € S. Note that the
degree of p € X is exactly m, > 2. Since S is a multiplicative Sidon set, it is not hard
to see that I' is Cy-free. From Theorem [2.4] we only get |As| = e(I') < m(n), which is
too large. However, using the fact that I' has minimum degree at least 2 on X, we can
get a much better bound as follows.

A hat in T is a copy of P3, a 3-vertex path, with mid-point in X. As I' is Cy-free, no
two hats share the same pair of endpoints in Y, i.e.

2= ()-()

Therefore, as m, > 2, A, has small size:

|Ay| = Zmp < 22 (”;P) < n2/3,

peX peX

3.2.3. Choosing B,. By definition, for every a € By, its representation a = uv satisfies
v < n'/3 and u < n?3. Let T be an auxiliary bipartite graph on vertex sets U and V,
where U = [n?/?] and V = [n'/3]. Foru € U and v € V, wv € E(T) if and only if uv = a
is the representation for some a € By. Similarly, I' is Cy-free as B; is a multiplicative
Sidon set. Then by Theorem [2.4] we see that B; must be small:

|By| = e(I) < |VI||UM? +|U| = 2023,
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3.2.4. Choosing By. Let R := 8log, logn. We further partition By into subsets Bs, B2, . . .,
such that for each r > 1,

n1/2 77/1/2
B2 ::{a€B2:2R+r <U§W:IMT}.

By the definition of By, v > n'/3, so B, is partitioned into at most logn subsets Bj.
Also notice that for each a = uv € B}, we have

u < oF+T . nl/2 —. N, < n2/3.

For each set Bj, associate it with an auxiliary bipartite graph I'" on partite sets
U := [N,] and V := [M,], such that wv € E(I'") if and only if uv = a is the chosen
representation for some a € Bj. As before, the fact that Bj is a multiplicative Sidon
set implies that I'" is Cy-free. By Theorem [2.4] we see that

n1/2 23 2n3/4 1

Tl — T / 2/3 (Rtr)/2 ) 1/4 — R
|Bs| = e(I'") < Ny + /N M, < n™/” + 2 Gy g (logn)t 2772

Therefore, B, has small size:

8n3/4
By = Bl < .
| 2’ Z ’ 2| = (logn)4

r<logn

3.2.5. Choosing Bs. Set again R := 8log, logn. Partition Bj into R subsets Bi,. .., B&
such that for each r € [R],

) nl/2 nl/2
B3 = {CLEBgZ?<U§ 27"1}'

Fix r € [R] and an arbitrary a € B} with representation a = uv. We claim that
v does not have a prime divisor less than n'/7. Indeed, suppose p < n'/7 is a prime
divisor of v, then
wep <2 M2l < 23
and the representation (u - p,v/p) contradicts the minimality of v in (3.1)). Thus, the
number of choices for v, by Lemmas and is at most

1/2 1/2
n'/z . H | 1 < 14ccon — M,
2r—1 D 2" -logn

p prime: p<nl/7

Similarly, v does not have a prime divisor p € [22",n!/7). Suppose there is such plu,
then
2rn1/2 n1/2

and
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Then (u/p,v - p) contradicts the minimality of v. We can similarly bound the number
of choices for u from above by

o ] <1 _ 1) <ot TCC202
P c1logn
p prime: 227 <p<nl/7

Associate B with an auxiliary bipartite graph I'" on partite sets U and V' of sizes N,
and M, respectively in which wv € I'" if and only if (u,v) is a representation for some
element of Bj. As Bj is a multiplicative Sidon set, I'" is Cy-free. Thus, every choice
of By corresponds to one such bipartite Cy-free graph I'". In other words, the number
of choices for Bj is at most the number of bipartite Cy-free graphs on bipartite sets of
sizes N, and M, respectively. By Lemma [2.5] we get that the number of choices of Bj

. 1/2
is 20N where

O(M,NV?) = O( nt/2  pl/2.9r/2. n1/4> _ (7,1/2 n3/4 >

2 logn  (logn)/? 2r/2 " (logn)3/2

1/2 . .
As ) -, 57z converges, we conclude that the number of choices for Bj is at most

n3/4
9O em M N;'%) _ 20(<logn>3/2).
To finish the proof of Theorem [I.1], it remains to prove Lemma [2.5]

3.3. Unbalanced bipartite C,-free graphs. The proof of Lemma builds on the
idea of Kleitman and Winston [I5]. We need two of their lemmas. The first one is the
graph container lemma, which bounds the number of independent sets in graphs with
relatively uniform edge distribution.

Lemma 3.1. Let n,q be integers, and R and (3 € [0,1] be reals satisfying R > e~ Pin.
Suppose G is an n-vertex graph such that for every U C V(G) with |U| > R,

o) = 5(13)

then for every integer s > q, the number of independent sets of size s is at most

(G)(20)

The second lemma is a key step for bounding the number of Cy-free graphs.

Lemma 3.2. There exists K > 1 such that the following holds. Let G be an n-vertex
Cy-free graph with 6(G) > d — 1. Then the number of ways to build a Cy-free graph G’
by adding a vertex of degree d to G is at most

1/2

2Kn

Proof of Lemma[2.5 Let G be a bipartite Cy-free graph with partite sets U and V
of sizes n and m respectively. Let wy,ip,...,w; be a minimum degree ordering of
V(G), that is, for each i € {n +m, ..., 1}, w; is a vertex of minimum degree in G; :=
G\ {Wntm,-..,wit1}. By definition, G; C G is Cy-free and

dGi (wz) < dGi_l(wi—l) +1= 5(GZ_1> +1 <.
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Reversing this process, we see that every C)-free bipartite graph on partite sets U and
V' of sizes n and m can be obtained as follows:

(S1) choose an ordering wym, - .., w; and for each i € [n 4+ m], choose d; < i and
decide whether w; belongs to U or V;
(S2) let Gy be the 1-vertex graph on vertex set {w;} and for each i € {2,..., n+m},
add a vertex w; to G;_; such that
— G, =Gy U{w;} is Cy-free; and
Note that, using the bounds on m, i.e. , the number of choices for (S1) is at most

(n + m)l . (n + m)[ . gntm < 9bnlogn _ 20(mn1/2)’

which is negligible.

Let s; be the number of choices for (G;, w;), the i-th step of (S2), i.e. the number
of ways to add w;. Let U;_;y C U and V;_; C V be the partite sets of G,;_;, and
a;—1 = |U;_1], bi—1 :=|Vi_1]. Note that both {a;}; and {b;}; are non-decreasing integer
sequences. It suffices to show that

1/2
H S; S 2520Kmn 7
i€[n+m)]

where K is the constant from Lemma [3.21
Note first that the total contribution from all vertices in V' is easy to bound. Indeed,

for each vertex w; € V, by Lemma , the corresponding s; satisfies s; < 2K (n4m)!/2,
Thus, using that |V| = m, the total contribution from vertices in V' is at most

(32) H S = (2K(n+m)1/2)|\/\ < 22Kmn1/2.
i w; €V
We now turn to vertices in U. Suppose that a; 1 < 60m. As b1 < |V| = m, by
Lemma [3.2] we see that

. . 1/2 1/2
Si S 2K(al_1+bl_1) S 28Km .

Let 79 be the maximum index such that a;,—; < 60m. Note that i = a;,—1 +b;;—1+1 <
61m + 1. Thus the total contribution up to the ig-th step is at most

(3.3) H 5; = (28Em!/?)6lmt1 o 9500Kmnl/2

1<ig

Consider now i-th steps with i > iy, so a;_; > 60m. We say that the i-th step (G;, w;)
is balanced if

(B1) b1 > a3 (logas 1Y% and
(B2) di > —m=—

— a;’ logbi—1 '
We call a step biased if it is not balanced. We shall bound the contribution from biased

and balanced steps separately. For (notational) brevity, write a := a;_1, b := b;_1,
w:=w;, d:=d;, A:=U;_1, B:=V;_1 and H := G;_1.
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Note that, as a > 60m > 60b and n > m,

™
(34) a1/2 2 7m1/2 Z m
By Theorem e(H) < 2a'/?b, and so
2e(H) 4b
3.9 d<d6(H 1< 1< —+1.

Claim 3.3. The contribution from all biased steps (Gy,w;) is at most 2™

Proof. Suppose first that d < nleogb. Recall that we are adding w to A C U. So we
have s; < ('g'). Consequently,
m

b
log s; < log <d) < dlogb < 2
n

As |U| = n, total contribution from steps with such small d is at most 92mn'/? e may
then assume that

m
. > .
(36) — n/2logh
On the other hand, by (3.5)), we have
4b 5b
(3.7) d< —+1<

= ql/2 = /2’

where in the last inequality we assume b > a'/2, as otherwise d < 5, contradicting (3.6)

and (2.1). Then (3.6)), together with (2.1)), (3.4) and (3.7), implies that

d 7 2

b> > . >
. ~ 5n!/2logb n'/2 T nlogm

> n®%(logn)? > a®%(loga)?,

g =
which is (B1). In other words, we need only consider biased steps violating (B2), i.e.
< b
~ a'/2logb’

But then we have

b b 2
1ogs,~glog(d> §dlogb§—a§ﬁaS#:%ﬂ(\/_—\/a—l).

Thus, the total such contribution is at most

H 23m(\/a—\/a—1> _ 23mZZ:1<\/E—\/a—1) _ 23mn1/2'

a=1

Hence, the total contribution from all biased steps is at most 92mnl/2 4 93mnl/2 . gdmn!/?
as claimed. 0

We shall now bound the contribution from balanced steps.
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Claim 3.4. Let a,b,d satisfy (B1) and (B2), and H be a Cy-free bipartite graph with
partite sets A and B of sizes a and b respectively. Then the number of bipartite Cy-free
graphs H' obtained from adding a vertex w of degree d < 6(H) + 1 to A is at most

13b
24al/2 log ]

We first show how the claim implies the desired bound. From the claim, we see that
for the balanced step (G;, w;),

13b 1y, a 1/2(8\Y/2 a 1/2 1/2 1/2
s; < 2a177 1988 < 913m!/2(2)" " log § < 913m'/2(g5) " log 60 < glom!/ :

as a/b > 60 and 27 "/?logz is decreasing when x > 60. Thus, the total contribution
from all balanced steps to (S2) is at most 219™"*n This, together with (3.2), (3.3) and

Claim (3.3, implies that the total number of choices for (S2) is at most 2°20Kmn'/? 4g
desired. It remains to prove the above claim.

Proof of Claim[3.4 Build an auxiliary graph I" on vertex set B in which uv € E(T) if

and only if v and v have a common neighbour in H. Note that to add w to A so that

H' is Cy-free, the neighbourhood Ny (w) C B must be an independent set in I'. It then

suffices to bound the number of independent sets of size d in I, denoted by ir(d).
Note that for any Z C B,

(3.8) S (0, 2) = 3 du(2) > | Z15(H) > (d - 1))2].
vEA z€Z
Fix ( ¢
10a d—1 2alogb
i1 T e o =Ty
Then B¢ = logb and so R > e "9 due to (3.5) and that a/b > 60. We will apply
Lemma with I', b and d playing the roles of G, n and s respectively. We need to
check that I" is locally dense. Fix an arbitrary Z C B with |Z| > R. Then as H is
Cy-free, distinct copies of P with mid-points in A correspond to distinct edges in I'.
By the convexity of the function f(z) = (), we have

7)>Y (dH<g7Z>> . (iZUEA;le,Z)) . (ad —21>|Z|> N 6(@)_

vEA

Thus by Lemma

logir(d) < log (2) (];) < qlogb+ dlog %.

For the first term, we have from the balanced-ness that
2 (B2) 442 4 (B1)
2a(log b) % 4a*(log b) 2 b

qlogb = d—1)2 b2 = ql/2
all? increasing when x < 6b/a'/? < a'/?/10, we
have
eR 10e - a 6at/?2 BD 120 a

< < —
dlog — y dlogd 2dlog —— 7 S i logb’

(d—1)
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as desired. O

This completes the proof of Lemma [2.5 0

4. PROOF OF THEOREM

We will show in this section that the limit of S5(n)Y/™™ exists as n tends to infinity,
and the limit § is determined by a family of product-free graphs defined below. We
further give numerical estimates of 5.2366 < 5 < 5.2468 that are within a ratio of 1.002.

Definition. A graph G on vertex set N is product-free if any three (not necessarily

distinct) edges aiby, asbe, asbs in G satisfy % . Z—; ‘;—g’ Denote by Gy, the induced
subgraph of G on [k]|, and by G the family of all product-free graphs. Define
(4.1) S = sup H(B(Gk) +k+ 1)ﬁ

Geg 1

We first note that g is well-defined. Indeed, for any G € G, clearly we have e(G}) <

(];) , implying that

it 1 st . = 2logk
H(e(Gk) + k4 1) < \/§H(k2)172 = V/2exp ( E Zf ) < 10.
k=1 k=2 k=2

4.1. Lower bound. Let € > 0 be arbitrary and G € G be product-free with
K

[(e(G) +k+ 1)@ > 5 —c/2,

k=1

for some K = K(e). Consider subsets S C [n] constructed as follows. For each prime
p > +/n, include at most two multiples of p in S in such a way that if S contains two
multiples of p, say pa and pb, then ab € E(G).

We claim that all these sets satisfy the multiplicative 3-Sidon property. Suppose
that ajasas = b1babs for some distinct aq, as, as, by, ba, by € S, each of which has a prime
factor larger than y/n. Consequently, the largest prime factors of a;,b; must appear
on both sides of the equation. Without loss of generality, we may then assume that
a; = pal,b; = pbl, for i € [3] with primes p; > /n. Note that a; # b, for i € [3]
as a; # b;. By how we construct S, this implies that ab; € E(G) for all i € [3].
However, we have a}ajaly = bjbybs, or % : % = %, which contradicts the fact that G is
product-free, proving the claim.

For 1 < k < K and prime p € (k%l,%}, there are precisely e(Gy) + k + 1 ways
to include at most two multiples of p as above. For different primes the choices are
independent, so, for sufficiently large n, the total number of sets that can be obtained
in this way is at least

K
H(e(Gk) +k+ 1)w(n/k>—w(n/<k+1)) > (8 — g)w(n)'
k=1
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4.2. Upper bound. We now continue with the upper bound Ss(n) < (3 4 o(1))™™.
Let A C [n] be a multiplicative 3-Sidon set. We partition the elements of A into
three sets:

Ay :={a € A:3In?3 < pprime s.t. p|aand p divides at most 2 elements of A};
Ay :={a € A:3In?? < pprimes.t. p|aand p divides at least 3 elements of A};
As :={a € A: all prime divisors of a are less than n?/3}.
Clearly, A= A1 U A2 U Ag.
We claim that both A; and Az are of small size, |Ay U As| = n?3+°() Thus the
contribution of Ay U A3 to the number of multiplicative 3-Sidon sets is negligible:

nr?/ T = 90(n(n) | For As, this is already known, see e.g. [22], that |As| = n?/3+eM),
For the set As, define the relevant set of primes

X := {p prime > n?3 . p divides at least 3 elements of Ay}

Build an auxiliary bipartite graph I' with partite sets X and Y := [n!/?], in which
two vertices form an edge in T' if their product is in As. As p > n??, this means if
wv € E(I"), then uwv = a is the representation of some a € As. So, we have

(4.2) [Ay] = e(T) > 3/].

On the other hand, as A, is a multiplicative 3-Sidon set, it is not hard to check that I"
is Og-free. We may assume that |X| > |Y|, as otherwise |Ay| < |X||Y| < n?3. Then
by Theorem [2.6] we have

|Ay| < 2|X| +n?3/2.
Together with (4.2)), this implies that | X| < n?/?3/2 and so
| Az| < 3n%/3)2,

as claimed.

We are left to determine how many choices there are for A;. For each large prime
p > n?*3 we can decide whether we add none/one/two of its multiples to A; (and which
one(s)). Let € > 0 be arbitrary and choose K sufficiently large so that

k2 + ki + 2\ P B+e/d
H( 2 ) S Btefs

k>K

Then the contribution of multiples of primes from (n??3,n/K) is at most

H ((k‘) e 1) m(n/k)—m(n/(k+1)) _ <ﬁ + 8/3)7r(n) |
e 2 B+¢e/5

We now bound the contribution of primes from [n/K,n]. We say that a pair (a,b)
witnesses a prime p > n/K, if both ap and bp are in A;. Assign to A; an auxiliary

graph G = (V, E) with

V:=[K|, and F :={ab: 3 distinct primes p,q > n/K s.t. ap,bp,aq,bq € A1},
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that is, a pair (a,b) form an edge in G if it witnesses at least two large primes. For
each edge ab € E(G), denote by W (ab) the set of all primes witnessed by (a, b). By the
construction of GG, we see that

VeeG, |[W(e)l >2

We call a prime p > n/K irrelevant (with respect to G) if

(i) p divides exactly two elements of A;; and
(ii) p is not in any of the set W (e), for e € E(G).

Then there are at most (12< ) irrelevant primes, contributing a factor of at most n°™ to
the choices of A;. For the relevant primes, i.e. those either divides at most one element

of Ay or in Ueep(c)W (e), observe that
(%) each prime p > n/K can appear in at most one set W (e) with e € E(G).

Indeed, suppose to the contrary that a prime p > n/K is in W(e) N W (e') for two
distinct edges e,e¢’ € E. By the definition of G, this means that A; contains at least
le Ue'| > 3 multiples of p, contradicting the definition of A;.

We claim that G is product-free. Suppose there are three (not necessarily distinct)
edges e; = a;b;, i € [3] such that Z—ll . ‘Z—j = Z—i or ajasaz = bybebs. Then {ey, e, e3} must
contain at least two distinct edges. This, together with (x), implies that there exists
distinct primes p; > n/K, i € [3], such that p; € W (e;) or equivalently a;p;, b;p; € A;.
Note that a;p;, b;p;, © € [3], are distinct, and

(a1p1)(azp2)(asps) = (bip1)(bap2)(bsps).

This contradicts A; being multiplicative 3-Sidon.

The elements in A; with a relevant prime divisor larger than n/K can now be con-
structed by first choosing a product-free graph G on K vertices, for which there are at
most 2(2) choices; and then choosing for each prime p € (kLH, 71, 1 <k < K, at most
two multiples according to Gy, for which there are at most e(Gy) + k + 1 choices.

K 1
Recall, by the definition of 3, that [] (e(Gy) + k + 1)¥+* < 5. Hence, the number
k=1

of choices for A; is at most

m(n) o K
(g i iﬁ) 000 20) T (e(Gr) + b+ 1)@=/ D) < (54 ¢ joyto)
k=1

Therefore,
53(n) < nn2/3+0(1) . (ﬁ + 6/2>7r(n) < (B + E)7r(n)
as desired.

4.3. Estimating the limit 3. Fix an € > 0. Bounding the tail in j,

(43)  J(e(Gy) +k+1) < exp (/” 210gxdx) - (M) <1ie

2
E>K K z K

we see that § can be approximated up to a (1 + ) multiplicative error by searching for
maximum-size product-free graphs on K = O( % log %) vertices. We now show a way to
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approximate (8 avoiding finding a maximum product-free graph. In particular, we shall
give upper and lower bounds that are within a ratio of 1.002, showing that g ~ 5.2.

4.3.1. Numerical bound from above. For the numerical estimate, we will use the ob-
servation that every product free graph G is triangle-free. Indeed, as any triangle on

vertices a, b, ¢ yields -2 = ¢, Thus, by Mantel’s Theorem, e(Gy) < |k?/4]. So g < BT,
where
% =TT (IK*/4] + k + 1) 7= .
k=1

It is not hard to check that it is not possible to have e(Gy) attaining the maximum size
|k%/4] for every k < 10, giving us an improvement

B < 0.9997445%.

We can bound 31 by its partial product up to some large K and estimate its tail

using (4.3)):

K
2(log K + 1
H |k /4] +/€+1)k2+’“ exp <%)

By taking K = 30000, we then get an upper estimate 8 < 5.2468.

4.3.2. Numerical bound from below. We shall construct a bipartite product-free graph
that gets “quite” close to the maximum size. Partition N into two classes Ny and N;
according to the parity of Q(z), the number of prime divisors with multiplicity:

No:={zeN:Q(z) =0 (mod 2)};

Ny:={reN:Q(z) =1 (mod 2)}.
Let Gy, be the bipartite graph on N with partite sets Ny and N;. By construction, we
have that

(4.4) Vab e E(Gpa), 219Q(ab).

Suppose there are three (not necessarily distinct) edges a;b;, i € [3] such that §+-32 = Z—i
or ajasag = bibobs. Then Q(ajasasz) = Q(b1babs), and, as (+) is completely additive, we
have 2 | Q(Hie[3] a;b;), contradicting (4.4). Thus Gy is product-free. Recall that there
are exactly (k+ L(k))/2 and (k — L(k))/2 elements in [k] with even and odd number of
divisors with multiplicity respectively, where L(k) is the summatory Liouville function.

We then have = < 3 for

(e 9]

(4.5) 87 =[] (W/4— Lk /4+k+1) =5

k=1

We remark that there are infinitely many identical terms in the products in S~ and g+
as the summatory Liouville function takes value zero infinitely often.

We can bound = from below by its partial product up to K = 30000 and obtain
£ > 5.2366. Thus, the ratio of the upper and lower estimates is less than 1.002.
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5. GENERALISED MULTIPLICATIVE SIDON SET

In this section, we sketch the proof of Theorem We start with the following
simple but useful observation. Consider a multiplicative 4-Sidon set A. Fix (if exists) a

4-tuple B in A satisfying the equation ajas = b1by. Then A\ B must be multiplicative
2-Sidon. Thus,

Si(n) < Sy(n) + Sa(n) - (Z)

In general, we have for all £ > 2 that

M

So(n) - > _01 (1), if k is even;
Sk n S k—5
i " { Sa(n) - 30,2 (1) + S3(n) (5 y), if k>3 is odd.

~
I

As any set consisting of at most one multiple of each prime larger than n?/? is multi-
plicative k-Sidon for all £ > 2, we see that T'(n) is also a lower bound for Si(n). This
shows that log Sk(n) are asymptotically the same for all even k > 2.

The proof of Theorem [I.3] for odd k > 5 is very similar to that of Theorem [I.2] We
highlight here only the differences.

For a graph G, define

R(G) :={r: r=a/bab e E(G)}

the set of all ratios of edges in GG. Generalising the notion of product-free graphs, we say
that a graph G is k-product-free if R(G) does not contain any solution to the equation
T1%o...Tr_1 = xp. Note that here we do not require the x;s in the solution to be
distinct. Writing G, for the family of all k-product-free graphs, define analogously

Br := sup H(e(Gk) +k+ l)kTik
Gegk k=1

Note that for any odd k', k with &’ > k, as we can add pairs of reciprocal ratios from
R(G) to the left-hand-side of x1xs . .. 21 = x} to get a solution for x1xs ... 21 = Ty,
we see that

G§2G;20G; D ...

is a nested sequence. Then, as in Section , we have Si(n) > (B — o(1))"™).

To bound Si(n) from above, for a multiplicative k-Sidon set A, define the sets
Ay, Ag, Az and the graph I' on X UY with |X| > |Y| exactly as in Section Then
again |As| = n?3+°() [21]. For A, we still have |Ay| > 3| X|. Recall that each edge in
I' corresponds to an element in As.

The new idea we need here to bound A, is that if A is somewhat larger than n?/3
then we can find edge-disjoint cycles with one copy of Cg and (k — 3)/2 copies of Cy’s.
Then the elements in A, corresponding to the edges in these cycles are all distinct and
form a solution to ajas...ar = biby...bg, giving us a contradiction. More precisely,
suppose that I" is Cy-free, then by Theorem [2.4] we have

B|X| < |4 = e(T) < [X[V2]Y] +]X],
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implying that |X| < |Y|?/4. Consequently, |A;| < 3|Y|?/4 = 3n?/3/4. We may thus
assume that I' contains a copy of Cy, call it F}. Let I'; be the graph obtained from I'
by deleting the edges in Fi: I'y ;=T\ E(Fy). So e(I';) > e(I') —4 > 3|X| — 4. Then
again we see that either Aj is of size O(n?/?) or there exists a copy of Cy, say Fy, in I'}.

Define then T's :=I'y \ E(Fy). We repeat this process 3 times to obtain Iy := Pis

and pairwise edge-disjoint F; C I', 7 € [%], each isomorphic to Cy. We claim that T'y
is Cg-free. Indeed, a copy of Cs in I'y together with the pairwise edge-disjoint (k —3)/2
copies of C4’s we have found would yield a solution to ajas...ar = b1by...b,. Thus,
we have by Theorem [2.6] that

3|X| —2(k — 3) < e(lg) < 2|X|+|Y]?/2,
and so | X| < n%*3. This implies
|As| = e(T) < e(Ty) + 2(k — 3) < 3n*/*.

Thus, the main contribution to Sk(n) comes again from the number of choices for A;.

For Ay, we shall define an auxiliary graph G on vertex set [K], and let ab € E(G) if
(a,b) witnesses at least k primes larger than n/K. Then note that G is now k-product-
free, and we can similarly obtain the upper bound (8 + o(1))™™ for the number of
choices for A;, hence also for Si(n).

Note that the bipartite product-free graph Gp,, in Section is in fact in G, for all
odd k > 3 and the corresponding construction yields multiplicative k-Sidon sets. Thus
for all odd k > 3,

Br > 6.
Both (1) and that {Gx}, £ > 3 odd, is a nested sequence imply that the sequence

B2Ps2pr>...20

is non-increasing.

6. CONCLUDING REMARKS

In this paper, we determine the number of multiplicative Sidon subsets of [n], giving
bounds that are optimal up to a constant factor in the exponent of the lower order term

3/4
2 ((log )/ 2). For generalised multiplicative Sidon sets, we show that for even k > 2,
log Sk(n) are asymptotically the same; while for odd k£ > 3, the limit

Bx = lim Sy (n)"/"™
n—oo

exists, and the limits form a non-increasing sequence

B>Ps>Br>...>2 0.

When approximating # from below, we constructed a bipartite product-free graph
Glpar using the parity of Q(z), the number of prime divisors of x with multiplicity. We
conjecture that this lower estimate from the Liouville-type constant 5~ in (4.5)) provides
the correct value of 3, i.e. all equalities hold above. In other words, G, realises the
supremum in and log Si(n) are asymptotically the same for all odd k& > 3.
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