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Abstract

Mader conjectured that every Cy-free graph has a subdivision of a clique of order
linear in its average degree. We show that every Cg-free graph has such a subdivision
of a large clique.

We also prove the dense case of Mader’s conjecture in a stronger sense, i.e., for
every ¢, there is a ¢ such that every Cy-free graph with average degree ¢n'/? has a
subdivision of a clique Ky with ¢ = |/ nl/ 2| where every edge is subdivided exactly 3
times.

1 Introduction

A subdivision of a clique K, denoted by T K, is a graph obtained from K, by subdividing
each of its edges into internally vertex-disjoint paths. Bollobds and Thomason [3], and
independently Komlds and Szemerédi [14] proved the following celebrated result.

Theorem 1.1. FEvery graph of average degree d contains a subdivision of a clique of order

Q(Vd).

Theorem is best possible: the disjoint union of K, ,4’s contains no subdivision of K
with ¢ > v/8d (observed first by Jung [7]).

Mader [I5] conjectured that if a graph is Cy-free, then one can find a subdivision of
a much larger clique, of order linear in its average degree. Two major steps towards this
conjecture were made by Kithn and Osthus: in [§], they showed that if the graph G has
girth at least 15 and large average degree, then the conjecture is true in a stronger sense: a
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subdivision of Kjg)4+1 is guaranteed; in [9], they showed that one can find a subdivision of
a clique of order almost linear, Q(d/log? d), in any Cy-free graph with average degree d.

Extending ideas in [I3] and [14], we prove that every Cs-free graph has such a subdivision
of a large clique.

Theorem 1.2. Let G be a Cy-free graph with average degree d. Then a T K, is a subgraph
of G with £ = |cd] for some small positive constant ¢ independent of d.

Similar proof gives the following result, whose proof is omitted.

Theorem 1.3. Let G be a Coi-free graph with k > 3 and average degree d. Then a TK, is
a subgraph of G with ¢ = |cd] for some small positive constant ¢ independent of d.

It is known that any Oj-free n-vertex graph has at most O(n%?) edges (see [12]). Our
next result verifies the dense case of Mader’s conjecture in a stronger sense.

Theorem 1.4. For every ¢ > 0 there is a ¢ > 0 such that the following holds. Let G be a
Cy-free n-vertex graph with cn®? edges. Then G contains a TK, with £ = |¢n'/?], in which
every edge of the K, is subdivided exactly 3 times.

Theorem|[I.4]can also be viewed as an extension of the following result of Alon, Krivelevich
and Sudakov [I] for Cy-free graphs. Settling a question of Erdds [4], they showed, using the
dependent random choice lemma, that if the average degree of a graph is of order 2(n), then
there is a TK, with £ = Q(n'/?), in which every edge of the K, is subdivided exactly once.

Notation: For a vertex v, denote by S(v,4) the i-th sphere around v, i.e., the set of vertices
of distance ¢ from v and denote by B(v,r) the ball of vertices of radius r around v, so
B(v,r) = U<, S(v,i). For a set X C V(G), denote by I'(X) the external neighborhood of
X, that is I'(X) := N(X) \ X. Denote by d(G) the average degree of G and for S C V(G)
denote by d(S) the average degree of the induced subgraph G[S]. For a set of vertices S,
denote by V;(.S) the i-th common neighborhood of S, i.e., vertices of distance exactly i from
every vertex in S. Foraset B C V(G), let A(B) := max,ep dg(v) and §(B) := minyep dg(v).

We will omit floors and ceilings signs when they are not crucial.

2 Preliminaries

For any graph G, there is a bipartite subgraph G’ such that e(G’) > e(G)/2. We shall use
a result of Gyori [6] which states that every bipartite Cg-free graph has a Cy-free subgraph
with at least half of its edges. So having a loss of factor of 4 in the average degree, we
may assume that our Cg-free graph is bipartite and also Cy-free. Following Komlds and
Szemerédi [13], we introduce the following concept.

(e1,t)-expander: For ¢; > 0 and ¢ > 0, let () be the function as follows:

[0 if z<t/5
elz) = el ent) = { e1/log*(15x/t) if x > t/5. (1)
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For the sake of brevity, on £(x) we do not write the dependency of €; and ¢ when it is clear
from the context. Note that ¢(x)-x is increasing for x > ¢/2. A graph G is an (1, t)-expander
if |I'(X)| > e(]X]|) - |X| for all subsets X C V of size t/2 < | X| < [V]/2.

Komlés and Szemerédi [I3] 14] showed that every graph G contains an (e, t)-expander
that is almost as dense as G.

Theorem 2.1. Let t > 0, and choose 1 > 0 sufficiently small (independent of t) so that
e = e(x) defined in (1)) satisfies loo E(x—m)dx < %. Then every graph G has a subgraph H with
d(H) > d(G)/2 and 6(H) > d(H)/2, which is an (e1,t)-expander.

Remark: The subgraph H might be much smaller than G. For example if G is a vertex-
disjoint collection of K.1’s, then H will be just one of the K 1’s.

We will use the following version of Theorem [2.1]

Corollary 2.2. There exists €9 with 0 < g9 < 1 such that for every 0 < g1 < &g, €9 > 0 and
every graph G, there is a subgraph H C G with d(H) > d(G)/2 and 6(H) > d(H)/2 which
is an (g1, e9d(H)?)-expander.

Proof. Let G’ C G be a subgraph maximizing d(G’) and define ' := e,d(G")?/4. If & is
sufficiently small, then for any ¢; < &g, applying Theorem yields a (4e1,t’)-expander
H C G with d(G")/2 < d(H) < d(G') and 6(H) > d(H)/2. Define t := eyd(H)?. Since
d(G")/2 < d(H) < d(G"), we have t' < ¢ < 4¢'. A simple calculation shows that for every
x >t/2,

451 &1
2 Z .
log”(15z/t'") — log*(15x/t)
Hence H is an (eq,t)-expander as desired. ]

Every (e1,t)-expander graph has the following robust “small diameter” property (see
Corollary 2.3 in [14]):

Corollary 2.3. If G is an (e1,t)-ezpander, then any two vertex sets, each of size at least
x > t, are of distance at most

2
diam = diam(n,e1,t) = —log®(15n/t),
€1

and this remains true even after deleting xe(x)/4 arbitrary vertices from G.

By Corollary 2.2 we may assume, when proving Theorem [1.2] that G is a bipartite,
{Cy, Cs}-free, (g1,t)-expander graph with average degree d, 6(G) > d/2 and t = eyd® for
some €1 < gp and €5 > 0. Indeed, instead of G we might work in a still dense subgraph H
of it, having the properties listed before and by resetting d := d(H) > d(G)/2 it suffices to
find in H a TK, with ¢ = Q(d(H)). The next lemma finds in G a “nice” subgraph with
“bounded” maximum degree.



Lemma 2.4. Let 0 < ey <1 and &3 > 0. Let G be an n-vertex bipartite, Cy-free, (1, €9d?)-
expander graph with average degree d and §(G) > d/2. Then either G contains a subdivision
of a clique of order linear in d, or G has a Cy-free subgraph G' with average degree d(G') > d/2
and 6(G") > d(G")/4, that is (£1/8,4e2d(G")?)-expander. Furthermore, G' has at least n/2
vertices and A(G') < d(G")1og®(|V (G")|/d(G")?).

Note that we do not use the Cg-freeness of G in Lemma [2.4] Using Lemma [2.4] to prove
Theorem [1.2] it will be sufficient to show Theorem [2.5] below.

Theorem 2.5. Let 0 < e; < g¢ and g9 > 0, where g is the constant from Corollary .
Let G be an n-vertex bipartite, {Cy, Ce}-free, (e1,e2d?)-expander graph with average degree
d, §(G) > d/4 and A(G) < dlog®n. Then G contains a TKy for £ = cd for some constant
¢ > 0 independent of d.

We will need the following “independent bounded differences inequality” (see [16]).

Theorem 2.6. Let X = (X1, Xo, ..., X,) be a family of independent random variables with
Xy taking values in a set Ay for each k. Suppose that the real-valued function f defined
on [[ A satisfies |f(x) — f(x)| < o whenever the vectors x and x' differ only in the k-th
coordinate. Let 11 be the expected value of the random variable f(X). Then for anyt > 0,

P(|f(X) — p| > t) < 22/ X%,

The rest of the paper will be organized as follows: The proof of Lemma/2.4| will be given in
Section [3 as well as the reduction of Theorem [I.2]to Theorem [2.5] The proof of Theorem
will be divided into two parts according to the range of d: the dense case when d > log'*n
will be handled in Section , and the sparse case when d < log'* n in Section . The proof of
Theorem will be given in Section [6] In Section [7 we will give some concluding remarks.

3 Reduction to “bounded” maximum degree

Let G be an n-vertex bipartite Cy-free (g1, e2d?)-expander graph with average degree d and
IG) > d)2.

In this section, we will show that we can transform G into a subgraph G’ with d(G") > d/2,
§(G") > d(G") /4 and A(G") < d(G")1og®(|V(G")|/d(G")?), where G' is an (g,/8, 4e4d(G")?)-

expander. For simplicity, throughout this section, define
t = eod® and t' = 4eyd(G')2

To prove Lemma [2.4] we shall use the following two lemmas: Lemmas and

Choose a constant ¢ < m such that ¢ < 1. Set the parameters as follows:

15n dm?® € , 2m3
EZCCL m:10g77 :W7 Alzdm47 5(”7817t):m_127 dlang—l.



Note that d has to be sufficiently large (say d > 1/c¢) so that ¢ > 1.

If m < 1/c2, then d > e /2n'/2 and we can apply Theorem to get a subdivision
of a clique of order linear in d. Thus we may assume that 1/m < ¢ < ;. By the same
argument, we may also assume that dA < n and n/d* > 1/e,.

Let L C V(G) be the set of all vertices of degree at least A.

Lemma 3.1. We can find in G either a TKys, or |L| < 0 and G’ := G[V'\ L] has mazimum
degree at most A.

Proof. Indeed, if |L| > ¢, then we can choose a subset L' C L of exactly ¢ vertices, say
L' == {v1,...,v;}. We shall build a copy of T'K;/, using a subset of these high-degree
vertices from L' as core vertices.

First we choose for each vertex v;, S1(v;) C S(v;, 1) and Sa(v;) C S(v;,2) such that:

(i) all Si(v;)’s are pairwise disjoint, and each Si(v;) is disjoint from L’ and of size A/2;

(ii) every Ss(v;) is disjoint from U§:1 S1(vj) U L', and each Sy(v;) is of size dA/5;

(iii) for every 1 < ¢ </, each vertex in S;(v;) has at most d/2 neighbors in Sy (v;).

We can indeed select such sets:

For (i), since G is Cy-free, for any v;, every other v; with j # ¢ has at most one neighbor
in S(v;, 1). Since |S(v;,1)| —2¢ > A — 20 > A/2, we can remove these neighbors of v;’s and
L’ from S(v;,1) and then choose exactly A/2 vertices for S} (v;).

For (ii) and (iii), recall that G is bipartite and §(G) > d/2. Thus we can choose, for each
vertex in Sy (v;), exactly d/2 — 1 vertices in S(v;,2). Since G is Cy-free, for a given v;, all
chosen vertices should be distinct. Thus we have chosen at least (d/2 —1)(A/2) > 1000A >

100 ’Uﬁﬂ Sy (v;)
then choose dA /5 vertices for Sy(v;). Clearly So(v;) satisfies both (ii) and (iii).

vertices, simply discard those vertices which are in U§:1 S1(v;) U L' and

We now describe the greedy algorithm that we use to connect the vertices v;’s. Denote
by Bl(vi) = Sl(vi) U {Uz} and by BQ(’UZ‘) = Bl(Ui) U SQ(UZ'>.

Greedy Algorithm: We try to connect these ¢ core vertices pair by pair in an arbitrary
order. For the current pair of core vertices v;, v;, we try to connect Bs(v;) and Bs(v;) using
a shortest path of length at most diam and then exclude all the internal vertices in this path
from further connections. We need to justify that such a short path exists.

Suppose we have already connected some pairs using paths of length at most diam. We
will exclude all previously used vertices from Bj(v;) U By(v;) and also those vertices from
So(v;), Sa(v;) adjacent to removed vertices from Sy (v;) or S (v;). Formally, let U be the set of
vertices used in previous connections and denote by U; := UNS;(v;) and by U; := UNS;(v;).
Define N := (I'(U;) N Sa(v;)) U (I'(U;) N S3(v;)). Then the set of vertices excluded is U U N.
First we bound the size of U, it is at most

2m3
2 diam < Ad? - T— < ed*m?,
€1
as there are at most £? pairs of core vertices and for each connection, the length of a path is
bounded by diam.



Call a core vertex v; bad, if more than A’ vertices from S;(v;) are used in previous
connections. During the connections, we discard a core vertex when it becomes bad. We
discard in total at most £/2 core vertices. Indeed, we have used at most % - diam vertices.
Since by (i), S1(v;)’s are pairwise disjoint, each bad core vertex, by definition, uses at least
A’ of them. Thus the number of discarded bad core vertices is at most

¢ -diam _ cd®m®  cd
NS Tdmt T m S
Hence there are at least £/2 core vertices survive the entire process.

Recall that by (iii), each vertex in U; (or U; resp.) has at most d/2 neighbors in Ss(v;)
(or Sa(v;) resp.). Note that every survived core vertex is not bad, namely |U;] < A’. Thus
IN| < A’-d/2 = d*m*/2. Hence the total number of vertices we exclude from By(v;) (or
By (v;) resp.) is at most

1
% diam + |N| < ed*m? + §d2m4 < d®m*

After excluding these vertices, we still have at least

dA

A
1S5 (v)| — 02 - diam — |N| > = d*m* > a

10
vertices left in Sy(v;), the same holds for Sp(v;). Recall that, when x > t/2, e(x,eq,t) is
decreasing and ze(z,e1,t) is increasing. So we have that the number of vertices we are
allowed to exclude, by Corollary 2.3} is at least

1 dA . (dA ) dA *m® ey ey d*mS

> — t
110 10 e(m,ent) 2

— d2 4
40 = 24000 m? 24000 = ™

where the last inequality follows from 1/m < ¢ < &1 and ¢ < 55555 4000 Thus the exclusion of
these vertices will not affect the robust small diameter property between Bs(v;)’s. So the
(/2 remaining core vertices can be connected to form a T'Kys. ]

Given that c is sufficiently small and now we can assume |L| < ¢, we have that |V (G")| >
n — ¢ > n/2. Note that d(G") > M =d—2( > d/2, thus t' > t. On the other hand,
G' = G[V\ L] and L consists of vertlces of degree at least A > d, thus d(G’) < LL"LA‘/Z < d.
Hence ¢ <4t and 6(G') > 0(G) — € > d/2 — { > d(G") /4.
Lemma 3.2. The obtained graph G’ is an (¢1/8,t')-expander.

Proof. Recall that ¢t < ¢’ < 4t. Since G is an (g1, t)-expander, for any set X in G’ of size
x >1'/2 >1t/2, it is easy to check that

€1 £1/4 ,
I'e(X)| =2 z-e(x,eq,t) =2 >x- =x-e(x,e1/4,t
el 2 (z,€1,1) log?(15x/t) log®(15xz/t") (z,€1/4,8)
t t &1 €1tl
> —el =, =t )= ———>(>]L|
- 2 <2 4 ) 81og?(7.5) > IL]

Hence [T/ (X)| > |Ta(X)| — |L| > ze(z,e1/4,t) — > tae(x,e1/4,1) = ze(x,e,/8,1). O
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Recall that 1/ey < n/d?* < 2|V(G')|/d(G')?, the maximum degree of G’ is at most

s 30[V(G)| _ d(G) V(GE)\* n s V(G
Sd(G)? = 7300 <21°g d(G’)Q) < d(&)log” Tranz

8 l
600 300

-log

Slightly abusing the notation, we work in the future only with G’. We will rename G’ as
G, relabelling n = |V(G')| and d = d(G'), and by changing £; to €1/8 and e, to 4ey, we
assume that G is (g1, £2d%)-expander and its maximum degree is at most dlog®(n/d?). This
completes the reduction step, i.e., to prove Theorem it is sufficient to prove Theorem [2.5]

4 Dense case of Theorem 2.5

In this section, we prove the following lemma, which covers the dense case of Theorem [2.5]

Lemma 4.1. Let 0 < e; < gy and g9 > 0, where gq is the constant from Corollary [2.3.
Let G be an n-vertex bipartite, {Cy, Cs}-free, (€1, €2d?)-expander graph with average degree
d >1log" n, §(G) > d/4 and A(G) < dlog®n. Then G contains a T Ky for { = cd for some
constant ¢ > 0 independent of d.

Let G be a graph satisfying the conditions in Lemma [4.1] Choose a constant ¢ > 0 such
that ¢ < €1 and set ¢ = cd. In addition, set the parameters in this section as follows:

d

log” n

2 15 1
A =dlog®n, A" =dlog®n, b= . diam = — log® ( n> < —log®n.
€1

€2d2 C
Note that A > d > b, A" = o(d?), and £/b < d/b = log” n.

We will first find ¢ vertices, vy,...,v, serving as core vertices, along with some sets
Bs(v;) € B(v;,3). We then connect all core vertices by linking Bs(v;)’s using a greedy
algorithm. Similarly to the proof in Section [3] we might discard few core vertices during the
process.

4.1 Choosing core vertices and building B;(v;)

We will select ¢ vertices vy, ..., v, in £/b steps to serve as core vertices.
Stage 1: We choose core vertices vy, ..., v, and the sets By(v;)’s.

In each step, we choose a block of vertices consisting of: b core vertices and for each core
vertex v; a set By(v;) 1= S1(v;) U Sa(v;) U {v;}, where Sy (v;) € S(v;, 1) and Sa(v;) C S(v;,2)
with the following properties:

(i) Si(v;)’s are pairwise disjoint for all 1 < i < ¢ and |Si(v;)| = d/2.

(i) For every 1, |So(v;)| = d?/10.

(iii) Every vertex w € S;(v;) has at most d/4 neighbors in Sy (v;).

(iv) Inside each block, the sets By(v;)’s are pairwise disjoint.

(v) Every Sh(v;) is disjoint from US_, Sy (v;).
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(vi) For every i # j, v; € Ba(v;).

To achieve this, we first choose a core vertex v; with sets Sy(v;) of size d/2 and S)(v;) C
S(v;,2) of size d*/8 — d/2 for all i < £. We then choose Sy(v;) C Sh(v;). Suppose we have
chosen some core vertices vy, vg, ..., v;_1 and sets Si(v;) and S%(v;)’s for 7 < i — 1. Denote
by D the current block and let By(v;) := Si(v;) U {v;}, j < i—1. To choose the next
core vertex v;, we will exclude {U;; , Bi(v;)} U{U S4(vx)}. The number of excluded
vertices is at most

v €D

> |Bi(vy)] +b - max | S)(vy)] < Cd+b-d*/2<b-d>
Vg

j<i
The number of the edges incident to the excluded vertices is at most

d dn
logn <3 (@),

A-b-d% =

the last inequality holds since G is Cg-free and therefore d = O(n'/?) (see [2]). Thus, we
can easily find in G, excluding these vertices, a subgraph G’ with average degree at least
d/2 and minimum degree at least d/4. We then choose v; to be any vertex in G’ of degree
at least d/2. Choose d/2 neighbors of v; to be Si(v;). Since G is bipartite, for each vertex
u € S1(v;), we can choose d/4 — 1 neighbors of u not in B;(v;). Again, by Cjy-freeness,
we have chosen d?/8 — d/2 different vertices. Denote the resulting set S(v;). Note that
in the process above, for any ¢ > j, the set Si(v;) is chosen after Sj(v;). Thus when
choosing S} (v;), vertices in S)(v;) could be included if v; is in a different block from v;. Since
1S5 (v;) \ Uj<eS1(v;)] > |Sh(v;)] — € - d > d?/10, we choose a subset of S5(v;) \ Uj<pS1(v;) of
size exactly d*/10 to be Sy(v;).

Stage 2: For each 1 < i < ¢, choose S3(v;) of size d*/50 and Bs(v;).

For each vertex in Sy(v;), since G is bipartite and Cy-free, we can choose d/4 — 1 of
its neighbors not in S (v;) U Sa(v;) and denote the resulting set S5(v;). Since G is Cy-free,
|S5(vi)| = |Sa(vi)|-(d/4—1) = d*/40—d?/10. Delete from S3(v;) any vertex in (J,;, B1(v;).
Since we delete at most d? vertices, we can choose a subset of size d®/50 to be S3(v;). Let
Bg(vi) = BQ(UZ') U Sg(’UZ‘).

4.2 Connecting core vertices

Greedy Algorithm: Now we will connect the ¢ core vertices pair by pair in an arbitrary
order. For each pair v; and v;, we will connect them with a path of length at most diam
avoiding (U, ; ; B1(vp)-

(I) Discard bad core vertices:

Call a core vertex v; bad, if we use more than A” vertices from Sy(v;). Discard a core
vertex as soon as it becomes bad. During the entire process, we use at most £2 - diam vertices
from previous connections. Since By(v;)’s are pairwise disjoint inside each block, each of the



excluded vertices can appear in at most £/b many Ss(v;)’s. Hence, the number of bad core
vertices is at most:
0% - diam - (£/b) - d? - diam - (£/b) - dlog’n- 0

12
= KL l)2.
A" - dlog"n ~ cblog®n  clogn /

(ITI) Cleaning before connection:

Assume that we have already connected some pairs of core vertices, and now we want to
connect v; and v;. Before we start connecting them, clean Bs(v;) (do the same for Bs(v;))
in the following way. Notice that we have used in previous connections at most ¢ vertices in
S1(v;), at most A” vertices in Sy(v;) and at most €2 - diam vertices in S3(v;), since vertices
in Sy(v;) were only used when connecting v; to other core vertices and v; is not bad. Also,
delete those vertices that are no longer available, i.e., those adjacent to used ones. Call the
resulting set Bj(v;). Since every vertex in Si(v;) for k € {1,2} has at most d/4 neighbors
in Sy11(v;), we have deleted at most £(1 +d/4+ d*/16) + A"(1+d/4) + ¢* - diam < d®/100
vertices. Thus | Bj(v;)| > |Bs(v;)| — d®/100 > d3/100.

(III) Connecting core vertices:

We will connect v; and v; by a shortest path from Bj(v;) to By(v;) avoiding U, ; B1(vp)
which is of size at most d?. This path has length at most diam if we do not break the
robust diameter property. We then exclude this path for further connections. The number

of excluded vertices from previous paths and from (J,, ; Bi(v,) is at most ¢ - diam + d* <

d?log®n. On the other hand, the number of vertices we are allowed to exclude without

breaking the robust small diameter among Bj(v;)’s is
3

1 d e1d
Z| B! (v Bi(v)]) > — >
4| 3(U )|€(| 3<U >|) = 400€(n) - 400]0g2n

3
> d?log® n.

Thus the robust diameter property is guaranteed during the entire process.
This completes the proof of Lemma hence the dense case of Theorem 2.5

5 Sparse case of Theorem

In this section, we will prove the sparse case of Theorem [2.5] Throughout this section G
will be a sparse graph satisfying the conditions in Theorem [2.5] i.e., an n-vertex bipartite
{Cy, Cg}-free (g1, e2d?)-expander graph, with average degree d < log'*n, 6(G) > d/4 and
A(G) < dlog®n. We always use n for |V (G)| and d for d(G). Inspired by an idea from [I1]
together with a random sparsening trick, we will show that in the sparse case, either we
can find in G a 1-subdivision (i.e., each edge is subdivided once) of some graph H with
d(H) = Q(d?), or there is a sparse and “almost regular” expander subgraph G; in G. In
the first case, we apply Theorem to find a subdivision of K, in H, hence in G, with
¢ = Q(y/d(H)) = Q(d). For the second case, we use the following result of Komlds and
Szemerédi (Theorem 3.1 in [13]).



Theorem 5.1. If F is an (g1, d(F))-expander satisfying d(F)/2 < §(F) < A(F) < 72(d(F))?
and d(F) < exp{(log |V (F)|)'/®}, then F contains a copy of TK, with { = Q(d(F)).

The following lemma will be useful.

Lemma 5.2. Let F = (X UY,E) be a bipartite Cy-free graph. If |X| = Q(&?|Y]) and

8|(XF|) = Q(A(X)), then F contains a copy of TK, with £ = Q(d).

Proof. In F'| we call a path of length 2 with endpoints in Y a hat. By the convexity of the
function f(z) = (3), we have that the total number of hats in F is at least

By the pigeonhole principle, there exists a collection of hats H with distinct midpoints of

Define a graph H on vertex set Y, where two vertices y,y’ € Y are adjacent if there is a
hat in ‘H with y,y’ as endpoints. Note that since F' is Cy-free, any two hats have different
sets of endpoints. Hence, each hat in H gives rise to a distinct edge in H. Thus

>
EY

2e(H)  2|H|

=" =7

= Q(d?).

Since the hats in H have distinct midpoints, there is a 1-subdivision of H in F' with core
vertices in Y and hats in H served as subdivided edges. We then apply Theorem [I.1] to find

a subdivision of K, in H, hence in F, with £ = Q(\/d(H)) = Q(d). O
Let B := {v € V(G) : deg(v) > d®} and A := V(G) \ B. Note that |B| < 4V — n_

hence |A| = [V(G)| — |B| > 2. We first show that we may assume that there is a G' C@
with [V(G")] = Q(n), d(G") = ©(d) and A(G) < d°.

Lemma 5.3. We can find in G either a TK, with { = Q(d), or there is a G' C G with
V(G| > 9n/10, d/20 < d(G') < d and A(G') < d®. In the later case, there is a set
A" CV(G) such that |A'| > |[V(G")|/2 and for any v € A’, degq(v) > d/10.

Proof. Define G’ := G[A], A" :={v € A:degy(v) >d/10} and A” := A\ A’. We distinguish
two cases based on the sizes of A" and A”.

Case 1: Assume |A”| > |A|/2. Then |A”| > 9n/20 = Q(d?|B|). Note that, by the definition
of A”, for any a € A", we have degg 4 5)(a) > 6(G) — degg/(a) > d/4 —d/10 > d/10. We
bound in G[A”, B] the degree of vertices in A” as follows: for each a € A” with more than d
edges to B, keep exactly d of them and delete the rest. Let the resulting graph be G”. Then
in G”, A(A”) < d, hence e—,,| > §(A") > d/10 = Q(A(A")). Applying Lemmato G"
gives the first alternative o% the conclusion of Lemma [5.3|
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Case 2: Assume |A'| > |A|/2. The graph G’ was obtained from G by removing vertices of
degree at least d® (which were in B), thus d(G’) < d. On the other hand, by the definition

of A, we have d(G’) > % > d/20 and A(G') < d® as desired. O

From now on, we will work only in G’ = G[A] with the properties listed in Lemma [5.3|
For the rest of the proof in this section, we fix sufficiently large constants ¢’ < C' < K and
a small constant ¢y < ﬁ.

Let W := {v € V(G') : dege(v) > cod?}, and U := V(G') \ W. Note that |[W| <
HGLEN < . hence [U] = |A] — [W| > 4.

o

Lemma 5.4. We can find in G’ either a TK, with { = Q(d), or there ezist vertex sets
Up C U and Wy C W with |Uy| > |U|/6 and [Wy| < 2C|W|/d such that G'[Uy, Wy] has at
least C'|Uy| edges and every vertex in Uy has degree at most K in G'|Uy, Wy|.

We first show how Lemma/[5.4) completes the proof of the sparse case of Theorem [2.5 Let
Uy, Wy be sets with properties listed in Lemmal[5.4] Note that |Up| = Q(d?|Wp|). Denote by

Gy := G'[Up, Wo). Recall that A(Uy) = K = O(1), thus 5% > ¢ = Q(A(Uy)). Applying

Lemma 5.2 to Gy gives a copy of T'K, with ¢ = Q(d). This completes the proof of the sparse
case of Theorem 2.5

Proof of Lemmal[5.4 Recall that A’ C V(G’) consists of vertices of degree at least d/10 in
G". Define U' := {v € A'NU : deggywy(v) > d/20} and U" := {A'nUI\U". By Lemma5.3]
A > MG — WL phys (U7] 4 U] = |A' N U| > |A) — (W] > WEWE > 201 yye
distinguish two cases based on the sizes of U’ and U".

Case 1: |U"| > |U|/5. Note that for every v € U”, by the definition of U”,

d d d

’ — ’ - / > — — — = —.
deggi(v) = dege (v) — deggyw(v) > 020" 20

Thus d(G'[U]) > 21 > d/100 and by the definition of U we have A(G'[U]) < cod?.
Then we apply Corollary to G'[U] and let Gy be the resulting (e1, e2d(G1)?)-expander
subgraph with e < 1/1000, d(G;) > d(G'[U])/2 > d/200, 6(G1) > d(G;)/2 and A(Gy) <
A(G'U]) < cod?. Let ny := [V(Gy)|.

If d(G,) > exp{(logn;)'/®}, then we apply Lemma [2.4] to G;. Then either we have a
copy of TK, with £ = Q(d), in which case we are done, or we obtain a subgraph G, C G,
with d(Ga) > d(G1)/2 > d/400, §(Gs) > d(G5)/4 and A(Gy) < d(Ga)log® S, which
is an (1/8, 4e9d(G2)?)-expander. Since |V (Gs)| < ny, we have that d(Gy) > d(Gy)/2 >
log'* |V (Gy)|. Applying Lemma {.1) to G, gives a TK, with ¢ = Q(d(G3)) = Q(d).

We may now assume that d(G;) < exp{(logn;)*/*}. We want to apply Theorem [5.1| to
Gy to get a TK, with £ = Q(d(G1)) = Q(d). Recall that d(G1)/2 < §(G1) < A(Gy) < ¢pd? <
72d(G4)?, where the last inequality follows from d(G;) > d/200 and ¢y < 1/1000. It suffices
to check that Gy is an (g1, d(Gq))-expander.

Claim 5.5. The graph Gy is an (e1,d(G1))-expander.

11



Proof. Recall that G, is bipartite, Cy-free and (g1, e2d(G1)?)-expander. For any set X of
size & > 0d(G1)%/2, IT(X)| > z - e(x,e1,62d(G1)?) > z - e(x,e1,d(GY)), as e(x,e1,1) is an
increasing function in t.

It is known that in Cy-free bipartite graphs of minimum degree k, any set of size at
most k?/500 expands by a rate of at least 2 (see e.g. Lemma 2.1 in [I7]). Recall that
§(Gy) > d(G1)/2 and g5 < 1/1000, so e2d(G1)?/2 < 2296(G1)* < 5(5%1 Since e(z,¢e1,d(G1))
is a decreasing function in z, for any x > d(G1)/2, e(x,e1,d(G1)) < e(d(G1)/2,e1,d(G)) =
bgm < 2. Thus for any set X of size d(G,)/2 < z < &d(G1)?/2 < %, we have
ID(X)| > 2z > x-e(x,e1,d(Gy)) as desired. O

This gives the first alternative of the conclusion of Lemma

Case 2: |U'| > |U|/5 > % > n/7. Recall that |W| < . Consider the subgraph
G3 = G'[U’, W], by deleting extra edges, we may assume that each vertex in U’ has degree

at most d in W. Then by the definition of U’, we have

20U7| - d

20U d/20 _
U] + W]

< 2d.
= [0+ W] =

< d(Gs) <
Set p := C/d. We will choose a random subset W, C W, in which each element of W
is included with probability p independent of each other. We then choose some Uy C U’
consisting of vertices of degree at most K in W,. We will show that with positive probability,
Wy and Uy have the desired properties. For simplicity, we define G4 := G3[U’, Wy.

We may assume that [W| > % since otherwise [U’| = Q(d?|W]) and e(G“' > 6(U") >
d/20 = Q(A(U’)). Then applying Lemma [5.2 to G5 yields a TK, with ¢ = €)(d). Note that
E|Wys| = p|W|, by Chernoft’s Inequality, w.h.p. |Wy| < 2E|W,| = 2C|W|/d. As mentioned
above, we will delete vertices from U’ with degree more than K in W; to form Uy. It suffices
to show that w.h.p.

(i) e(Ga) = 2C"|U'};

(ii) the number of vertices deleted (i.e., U’'\ Up) is at most |U’|/10 and the number of
edges deleted (from G4 to form G3[Uy, Wy| = G'[Uy, Wp]) is at most C’|U’|.

It then follows that |Uy| > 9|U’|/10 > |U|/6 and the number of edges in Gy = G'[Uy, Wy
is at least e(G4) — C'|U'| > C'|U’'| > C"|Up| as desired.

For (i), recall that by Lemmal5.3| A(G3) < d®. For each vertex v; € W, define a random
variable X; taking value degg, (v;) if v; € Wy and 0 otherwise. Then e(G4) = me' X, and

Z EX; = Z p-degg,(vi) =p-e(Gs) > 750 U > 40" |U).
i<W v EW
Recall that 7 < [W] < 2 and d < log'*n. Applying Theorem with f(X) = > X;,
=d° and E(e(Gy))/2 > 2C"|U'| > 24 > 2. cd|W| > cod|W |, we have that

2(cod|W )2

v {%) < %E(e(Gm] <o BT = W < =Gy
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For (ii), for each u; € U’, we define a random variable Y; := degg, (u;). Note that for
any two vertices u;, u; € U’, if they have no common neighbor in W, then Y; and Y; are
independent. Define an auxiliary dependency graph F' on vertex set {Y;}'gll, in which ¥; and
Y; are adjacent if and only if they are not independent. Since in G5 every vertex in U’ has
degree at most d and every vertex in W has degree at most d?, it follows that A(F) < d*
and by Brook’s theorem that x(F) < d* + 1. Thus we can partition U’ into d* + 1 classes,
say U' := ZyU Zy U ... U Zg, such that Y;’s corresponding to vertices in the same class are
independent. First we discard classes of size smaller than n/d®, the number of vertices we
delete at this step is at most % - (d* 4+ 1) < |U’|. Thus we may assume that each class is of
size at least n/d°. Fix a class Z;, for every v € Z; and every i > K > C,

Pldeggq, (v) =] = ( eg33(0)>p1(1 — p)deBas()—i < S < etlosil2 . g

For each 1 < i <d, let N; (N>; resp.) be the number of vertices in Z; of degree i (at least
i resp.) in Wy. Then EN; < |Z;|g;. For each i < log®d, by Chernoff’s Inequality and recall
that d < 10g14 n, we have

P[N; > 2EN;] < exp{—|Z;|q;/3} < exp {—% : e’loggd} < exp {—L} : (2)

e(loglogn)?

Note that for any v € Z;, Pldeg, (v) > log*d] < Z?:bgzd ¢ < e o8 Tt follows that

“log2 n
P[N210g2d22EN210g2d] <<eXp{—’Zj|€ log d} <<eXp{_e(logl—0gn)3}' (3)
By , and the union bound, the probability that there exists a class Z; in which either

Nuog2 g = 2EN5 02 4 o1 for some i < log®d, N; > 2EN; is at most

(d*+1)- (log?d - P[N; > 2EN;] 4+ P[Ny .24 = 2EN52,4]) — 0.
Note that 37 icioe2a ENi < D pciciogza GilZi] < e7%[Z;]. Thus w.h.p. the number of

vertices deleted is at most
Y2 Y EN+2ENse) - 1Z5) <D (e e ) |z < 207 KU < U
J K<i<log®d J

The number of edges incident to vertices deleted in Z; is at most

d
) _ —log? _
> QalZ] )+ () 24l Z])d< (e K +d-e ) 7] < 2e75] 7).
K<i<log?d i=log?d

Recall that every vertex in U’ has degree at most d in W and that |U’| > n/7. Then summing
over all classes, the total number of edges deleted is at most

o2 M Zil+ Y d-|Zi] <27 KU+ (d 4+ 1) - d-

|Zj|zn/d° |Zk|<n/dS

n

75 < \U'|.
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6 Proof of Theorem 1.4

In this section, we will prove Theorem [1.4|using a variation of the Dependent Random Choice
Lemma (see survey [5] for more details on the method of dependent random choice). The
following lemma roughly says that in a dense Cy-free graph one can find a set in which every
small subset has a large second common neighborhood.

Lemma 6.1. Let G = (AU B, E) be a Cy-free bipartite graph on n vertices with cn®? edges
and |A| = |B| = 2, where n > 1/c*. If there exist positive integers a, m, v and t such that

() (3=

then there exists U C A with at least a vertices such that for every r-subset S C U, |Ny(S)| >
m.

Proof. First notice that

Sl = () - Di) = Y - Y dw) = § (=280 )

vEA vEB veEB vEB
n
= 5(20711/2)2 —n®? > .

Pick a set ' C A of t vertices uniformly at random with repetition. Let W := No(T) C A
and put X := |[WW|. Then by the linearity of expectation and ¢t > 1, we have

EX] = S PueNT) =Y (%)t = (%)t : g : (%/2 ; |N2(v)lt>

vEA vEA
t
> (g)l_t : (M) > (g)l_t - (2¢n)t =220 > P,
n

Let Y be the random variable counting the number of r-sets in W that have fewer than m
common second neighbors. The probability for a fixed such r-set S to be in W is at most

t
<nﬂ/2> . There are at most (:") r-sets, hence

E[X — Y] > *n — (7;) (%)t > a.

Thus there exists a choice of T', such that X —Y > a. Delete one vertex from X for each
such “bad” r-set from W, and the resulting set U has the desired property. O

Claim 6.2. When proving Theorem we may assume that G is bipartite on AU B with
|A| = |B| =n/2, d(G) = d and all vertices in B have degree smaller than 30d.

14



Proof. We may assume that for any H C G, d(H) < d, otherwise we can work in H instead.
Let X C V be the set of vertices of degree at least 10d, thus | X| < n/10. Let Y =V \ X.
Since d(G[X]) < d, we have e(G[X]) < d|X]/2 < e(G)/10. Take an F-subset B of Y
uniformly at random and call V' \ B = A. Then we have,

E(e(G[A, B])) = 0.4[e(G[Y]) + e(G[X, Y])] = 0.4]e(G) — e(G[X])] = 0.36¢(G).

Therefore there exists a choice of A, B such that e(G[A, B]) > 0.36e(G). Hence we can re-
place G by G’ := G[A, B], and every vertex in B has degree less than 10d < 10-(d(G")/0.36) <
30d(G"). O

Proof of Theorem[1.4. Assume G satisfies the conditions of Claim [6.2] and apply Lemmal6.1
to G with the following parameters:

Snl/? logn Sn

LI, S . - LR
210 © | © dlog(l/c)y T 2

t
In order to prove that is satisfied, we shall prove 2(;‘) <nﬂ/2> < n and n > 2a.
Indeed,

n m \' An/2\’ 1" 1
2 — | <cfn = n< =|-) <logn<4t-log— = logn.
2/ \n/2 m c c

On the other hand, we have

ot Snl/? 120n1/2 1
c'n > 2a = & >

. 1 1 1 1
- log 120 + -1 log — > 2tlog — = ~logn.
120 : c) < log O+2ogn+6 g = togc 5 logn

Snl/2

Thus there exists U C A of size at least a = 570

|INo(S)| > m = Pn/2.

We embed a copy of TK, with ¢ = a = ¢°d/480 greedily as follows: first embed all the
core vertices arbitrarily to U. Then we connect all pairs of core vertices one by one, in an
arbitrary order, with internally vertex-disjoint paths of length 4. Fix a pair of vertices S C U.
For every vertex v in Ny(5), call C'(v) := N(v) NI'(S) its connector set and call v “bad” if
|C(v)] = 1. Since G is Cy-free, |[N1(S)| < 1, so there are at most A(B) < 30d bad vertices in
N5 (S). Any vertex v € No(S) that is not bad has |C(v)| = 2. When connecting S, we will
exclude from Ny(S) the following vertices: (i) bad vertices (if they exist); (ii) vertices in U;
(iii) vertices that were already used in previous connections; (iv) vertices whose connector
set was used. It follows immediately that if there is a vertex left in Ny(S), then together
with its connector set, we can connect S.

For (i) and (ii), recall that there are at most 30d bad vertices and |U| < ¢. For (iii),
there are at most (ﬁ) such vertices, one for each pair of core vertices. Thus there are at least

m — 30d — ¢ — (5) > cn /2 — 60cn/? — (2 > n/4 many vertices left in Ny(S).

such that for every pair of vertices S C U,
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For (iv), we say that two vertices in Ny(S) have no conflict with each other if their
connector sets are disjoint. Notice that every vertex v in Ny(S) that is not bad can have a
conflict with at most |C(v)|- A(B) = 2A(B) < 60d vertices. Thus we can find at least

ASn/4 n Sn a2 S o
2A(B) ~ 240d  480cnt/2 480

not-previously-used vertices in No(S) that are pairwise conflict-free. Again since G is Cy-
free, any other core vertex in U \ S can be adjacent to connector sets of at most 2 vertices
in Ny(S). Thus there are at least 20 — 2(¢ — 2) = 4 vertices available in Ny(S) to connect
the pair of vertices in S. O]

7 Concluding Remarks

The proof of Theorem [1.3]is almost identical to the proof of Theorem[1.2] The only differences
is to generalize Lemma to {Cy, Coi }-free graphs for any k£ > 4. First we need a result of
Kiihn and Osthus [10], which finds a Cy-free subgraph G’ in a Cy-free graph G for k > 4 such
that d(G') = Q(d(G)). Then after cleaning Si(v;) and Sy(v;)(as in Section [4.2)), Sa(v;) still
has Q(d?) vertices. Recall that each vertex in Sy(v;) sends Q(d) edges to S3(v;), then by a
well-known result of Bondy and Simonovits [2], we have that there are at least Q(d>~%/(*+1)
vertices available in S3(v;) after cleaning Si(v;) and Ss(v;). We further clean Ss(v;) by
deleting at most 2 - diam vertices. For k > 4, d=3/(k+1g(g3=3/-+1)) > 2 . diam + d?, thus
the robust diameter property is guaranteed for all connections.
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